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Covariant local field theory equations following
from the relativistic canonical quantum
mechanics of arbitrary spin
Volodimir Simulik
Abstract—The new relativistic equations of motion for the particles with spin s=1, s=3/2, s=2 and nonzero mass have
been introduced. The description of the relativistic canonical quantum mechanics of the arbitrary mass and spin has
been given. The link between the relativistic canonical quantum mechanics of the arbitrary spin and the covariant local
field theory has been found. The manifestly covariant field equations that follow from the quantum mechanical equations,
have been considered. The covariant local field theory equations for spin s=(1,1) particle-antiparticle doublet, spin
s=(1,0,1,0) particle-antiparticle multiplet, spin s=(3/2,3/2) particle-antiparticle doublet, spin s=(2,2) particle-antiparticle
doublet, spin s=(2,0,2,0) particle-antiparticle multiplet and spin s=(2,1,2,1) particle-antiparticle multiplet have been
introduced. The Maxwell-like equations for the boson with spin s=1 and m > 0 have been introduced as well.
Index Terms—electromagnetic field, quantum mechanics, Schro¨dinger–Foldy equation, Dirac equation, Maxwell
equations.
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1 INTRODUCTION
THE start of the relativistic quantum me-chanics was given by Paul Dirac with
his well known equation for electron [1].
More precisely, in this 4-component model, the
spin s=(1/2,1/2) particle-antiparticle doublet
of two fermions was considered (in particu-
lar, the electron-positron doublet). Neverthe-
less, the quantum-mechanical interpretation of
the Dirac equation, which should be similar to
the physical interpretation of the nonrelativistic
Schro¨dinger equation, is not evident and is
hidden deeply in the Dirac model. In order
to visualize the quantum mechanical interpre-
tation of the Dirac equation, transformation
to the canonical (quantum-mechanical) repre-
sentation was suggested [2]. In this Foldy–
Wouthuysen (FW) representation of the Dirac
equation, the quantum-mechanical interpreta-
tion is much more clear. Nevertheless, the
direct and evident quantum-mechanical in-
terpretation of the spin s=(1/2,1/2) particle-
antiparticle doublet can be fulfilled only within
the framework of the relativistic canonical
quantum mechanics (RCQM), see, e. g., con-
sideration in [3].
Note that here only the first-order particle
and the field equations (together with their
canonical nonlocal pseudo-differential repre-
sentations) are considered. The second order
equations (like the Klein–Gordon–Fock equa-
tion) are not the subject of this investigation.
3Different approaches to the description of the
particles of an arbitrary spin can be found in
[4–12]. The allusion on the RCQM and the first
steps are given in [13]. In the papers [3, 14], this
relativistic model for the test case of the spin
s=(1/2,1/2) particle-antiparticle doublet is for-
mulated. In [14], this relativistic model is con-
sidered as the system of the axioms on the level
of the von Neumann monograph [15], where
the mathematically well-defined consideration
of the nonrelativistic quantum mechanics was
given. Furthermore, in [3] the link between the
spin s=(1/2,1/2) particle-antiparticle doublet
RCQM and the Dirac theory is given.
Below the same procedure is fulfilled for
the spin s=(1,1), s=(1,0,1,0), s=(3/2,3/2), s=(2,2),
s=(2,0,2,0) and spin s=(2,1,2,1) RCQM. The cor-
responding equations, which follow from the
RCQM for the covariant local field theory, are
introduced.
In other words, the so-called Foldy synthesis
[13] of the covariant particle equations is ex-
tended here by starting from RCQM, and equa-
tions of the covariant local field theory are the
final step of such program. The canonical rep-
resentation of the field equations (the analog of
the FW representation) is the intermediate step
in this method.
The goals of this paper are as follows:
to formulate the foundations of the RCQM
of an arbitrary spin and mass, to demon-
strate and explain this model on the examples
of the spin s=1/2, s=1, s=3/2, s=2 singlets,
spin s=(1/2,1/2), s=(1,1), s=(3/2,3/2), s=(2,2)
particle-antiparticle doublets, spin s=(1,0) mul-
tiplet and spin s=(1,0,1,0), s=(2,0,2,0), s=(2,1,2,1)
particle-antiparticle multiplets, to give the link
of the spin s=(1,1), s=(1,0,1,0), s=(3/2,3/2),
s=(2,2), s=(2,0,2,0), s=(2,1,2,1) RCQM with the
Dirac-like equations and the covariant local
field theory, to find the corresponding transi-
tion operators, to derive new manifestly covari-
ant equations for higher spins, and to derive
new equations for electromagnetic theory.
The results are presented on the three linking
levels.
COVARIANT LOCAL
FIELD THEORY OF
ARBITRARY SPIN
↑
CANONICAL FIELD THEORY OF
ARBITRARY SPIN
↑
RELATIVISTIC CANONICAL
QUANTUM MECHANICS OF
ARBITRARY SPIN
Here the standard relativistic concepts, def-
initions and notations in the form convenient
for our consideration are chosen. For example,
in the Minkowski space-time
M(1, 3) = {x ≡ (xµ) = (x0 = t, −→x ≡ (xj))}; (1)
µ = 0, 3, j = 1, 2, 3,
xµ denotes the Cartesian (covariant) coordi-
nates of the points of the physical space-time
in the arbitrary-fixed inertial reference frame
(IRF). We use the system of units with h¯ = c =
1. The metric tensor is given by
gµν = gµν = g
µ
ν , (g
µ
ν ) = diag (1,−1,−1,−1) ;
(2)
xµ = gµνx
µ,
and summation over the twice repeated indices
is implied.
2 FOUNDATIONS OF THE RELATIVIS-
TIC CANONICAL QUANTUM MECHANICS
OF THE PARTICLE WITH NONZERO MASS
AND ARBITRARY SPIN S
Equation of motion is the Schro¨dinger–Foldy
equation
i∂tf(x) =
√
m2 −∆f(x) (3)
for the N-component wave function
f ≡ column(f 1, f 2, ..., fN), N = 2s + 1. (4)
4Suggestion to call the main equation of the
RCQM as the Schro¨dinger–Foldy equation was
given in [14] and [3]. Our motivation was
as follows. In the papers [13], [16] the two
component version of equation (3) is called the
Schro¨dinger equation. Moreover, the one com-
ponent version of equation (3) was suggested
in [17] and is called in the literature as the
spinless Salpeter equation, see, e. g. [18, 19].
Nevertheless, taking into account the L. Foldy’s
contribution in the construction of RCQM and
his proof of the principle of correspondence
between RCQM and non-relativistic quantum
mechanics, we propose to call the N-component
equations of this type as the Schro¨dinger-Foldy
equations.
The space of the states is taken as the rigged
Hilbert space
S3,N ≡ S(R3)× CN ⊂ H3,N ⊂ S3,N∗. (5)
Here S3,N is the N-component Schwartz test
function space over the space R3 ⊂ M(1, 3) and
H3,N is the Hilbert space of the N-component
square-integrable functions over the x ∈ R3 ⊂
M(1, 3)
H3,N = L2(R
3)⊗ C⊗N = {f = (fN) : R3 → C⊗N;
(6)∫
d3x|f(t,−→x )|2 <∞},
where d3x is the Lebesgue measure in the space
R3 ⊂ M(1, 3) of the eigenvalues of the posi-
tion operator −→x of the Cartesian coordinate of
the particle in an arbitrary-fixed IFR. Further,
S3,N∗ is the space of the N-component Schwartz
generalized functions. The space S3,N∗ is conju-
gated to that of the Schwartz test functions S3,N
by the corresponding topology (see, e. g. [20]).
In general, the mathematical correctness of
consideration demands to make the calcula-
tions in the space S3,N∗ of generalized functions,
i. e. with the application of cumbersome func-
tional analysis. Nevertheless, one can take into
account that the Schwartz test function space
S3,N in the triple (5) is kernel. It means that S3,N
is dense both in quantum-mechanical space
H3,N and in the space of generalized functions
S3,N∗. Therefore, any physical state f ∈ H3,N can
be approximated with an arbitrary precision
by the corresponding elements of the Cauchy
sequence in S3,N, which converges to the given
f ∈ H3,N. Further, taking into account the re-
quirement to measure the arbitrary value of the
quantum-mechanical model with non-absolute
precision, it means that all concrete calculations
can be fulfilled within the Schwartz test func-
tion space S3,N.
Furthermore, the mathematical correctness of
the consideration demands to determine the
domain of definitions and the range of values
for any used operator and for the functions
of operators. Note that if the kernel space
S3,N ⊂ H3,N is taken as the common domain
of definitions of the generating operators −→x =
(xj), −̂→p = (p̂j), −→s ≡ (sj) = (s23, s31, s12) of coor-
dinate, momentum and spin, respectively, then
this space appears to be also the range of their
values. Moreover, the space S3,N appears to be
the common domain of definitions and values
for the set of all below mentioned functions
from the 9 operators −→x = (xj), −̂→p = (p̂j), −→s ≡
(sj) (for example, for the generators (p̂µ, ĵµν)
of the irreducible unitary representations of
the Poincare´ group P and for different sets
of commutation relations). Therefore, in order
to guarantee the realization of the principle of
correspondence between the results of cogni-
tion and the instruments of cognition in the
given model, it is sufficient to take the algebra
AS of the all sets of observables of the given
model in the form of converged in S3,N Hermi-
tian power series of the 9 generating operators
−→x = (xj), −̂→p = (p̂j), −→s ≡ (sj).
Note that the Schro¨dinger–Foldy equation (3)
has generalized solutions, which do not belong
to the space H3,4 (6). Therefore, the application
of the rigged Hilbert space S3,N ⊂ H3,N ⊂ S3,N∗
(5) is necessary.
Some other details of motivations of the
choice of the spaces (5), (6) (and all necessary
notations) are given in [3], where the corre-
sponding 4-component spaces are considered.
The operator of the particle spin is chosen
in the complete matrix form and is associated
with the SU(2) group. The orthonormalized
diagonal Cartesian basis, in which the third
component of the spin has the diagonal form,
is necessary. The corresponding generators of
5the SU(2) group irreducible representations are
chosen to be the spin operators of the corre-
sponding particle states.
Hence, the spin operator is given as
−→s ≡
(
sj
)
= (s23, s31, s12) :
[
sj, sl
]
= iεjlnsn,
(7)
where εjln is the Levi-Civita tensor and sj =
εjℓnsℓn are the Hermitian M×M matrices – the
generators of the M-dimensional representation
of the spin group SU(2) (universal covering of
the SO(3)⊂SO(1,3) group). Below, in sections 3–
6 the fixed concrete representations of the SU(2)
group are associated with the fixed particular
spin values.
General solution of the equation of motion
(3) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikxaN
(−→
k
)
dN, (8)
where the following notations
kx ≡ ωt−−→k −→x , ω ≡
√−→
k
2
+m2, (9)
are used. The orts of the N-dimensional Carte-
sian basis have the form
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
.
.
.
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
.
.
.
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ...., dN =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
.
.
.
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (10)
Solution (8) is associated with the stationary
complete set of operators (−→p , s3 = sz, g) of
the momentum, spin projection and sign of the
charge (in the case of the charge particles). It is
easy to see from the sections 3–6 below that for
the different N the spin projection operators are
different. The stationary complete set of oper-
ators is the set of all functionally independent
mutually commuting operators, each of which
commutes with the operator of energy (in this
model with the operator
√
m2 −∆).
Interpretation of the amplitudes aN
(−→
k
)
fol-
lows from the equations on the eigenval-
ues of the operators (−→p , s3 = sz, g). The
functions aN
(−→
k
)
are the quantum-mechanical
momentum-spin amplitudes of the single par-
ticle with corresponding momentum, spin and
charge values (in the case of the charge parti-
cle), respectively.
The relativistic invariance of the model
under consideration requires, as a first
step, consideration of its invariance with
respect to the proper ortochronous Lorentz
L↑+ = SO(1,3)={Λ = (Λµν)} and Poincare´
P↑+ = T(4)×)L↑+ ⊃ L↑+ groups. This invariance
in an arbitrary relativistic model is the
implementation of the Einstein’s relativity
principle in the special relativity form. Note
that the mathematical correctness requires the
invariance mentioned above to be considered
as the invariance with respect to the universal
coverings L = SL(2,C) and P ⊃ L of the groups
L↑+ and P
↑
+, respectively.
For the group P we choose real parameters
a = (aµ) ∈M(1,3) and ̟ ≡ (̟µν = −̟νµ)
with well-known physical meaning. For the
standard P generators (pµ, jµν) we use commu-
tation relations in the manifestly covariant form
[pµ, pν] = 0, [pµ, jρσ] = igµρpσ − igµσpρ,
[jµν , jρσ] = −i (gµρjνσ + gρνjσµ + gνσjµρ + gσµjρν) .
(11)
The following assertion should be noted. Not
a matter of fact that non-covariant objects such
as the Lebesgue measure d3x are explored, the
model of RCQM of arbitrary spin is a rela-
tivistic invariant in the following sense. The
Schro¨dinger–Foldy equation (3) and the set of
its solution {f} (8) are invariant with respect
to the irreducible unitary representation of the
group P , the N × N matrix-differential gen-
erators of which are given by the following
nonlocal operators
p̂0 = ω̂ ≡
√
−∆+m2, p̂ℓ = i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sln ≡ m̂ℓn + sℓn, (12)
ĵ0ℓ = −ĵℓ0 = tp̂ℓ − 1
2
{xℓ, ω̂} −
(
sℓnp̂n
ω̂ +m
≡ s˘ℓ
)
,
(13)
6where the orbital parts of the generators are
not changed under the transition from one spin
to another. Under such transitions only the
spin parts (7) of the expressions (12), (13) are
changed. In formulae (12), (13), the SU(2)-spin
generators sℓn have particular specific forms for
each representation of the SU(2) group (see the
examples in sections 3–6 below).
Thus, the irreducible unitary representation
of the Poincare´ group P in the space (5), with
respect to which the Schro¨dinger-Foldy equa-
tion (3) and the set of its solution {f} (8) are
invariant, is given by a series converges in this
space
(a,̟)→ U(a,̟) = exp(−ia0p̂0−i−→a −̂→p − i
2
̟µν ĵµν)
(14)
where the generators (p̂µ, ĵµν) are given in (12),
(13) with the arbitrary values of the SU(2) spins−→s = (sℓn) (7).
The validity of this assertion is verified by
the following three steps. (i) The calculation
that the P-generators (12), (13) commute with
the operator i∂0 − ω̂ of the Schro¨dinger–Foldy
equation (3). (ii) The verification that the P-
generators (12), (13) satisfy the commutation
relations (11) of the Lie algebra of the Poincare´
group P . (iii) The proof that generators (12),
(13) realize the spin s(s+1) representation of this
group. Therefore, the Bargman–Wigner clas-
sification on the basis of the corresponding
Casimir operators calculation should be given.
These three steps can be made by direct and
non-cumbersome calculations.
The corresponding Casimir operators have
the form
p2 = p̂µp̂µ = m
2IN, (15)
W = wµwµ = m
2−→s 2 = s(s + 1)m2IN, (16)
where IN is the N× N unit matrix and s =1/2,
1, 3/2, 2, ...
Below in the next sections the particular
examples of spins s =1/2, 1, 3/2, 2 singlets
and spins s=(1,1), (1,0), (1,0,1,0) multiplets are
considered briefly.
The partial cases s =1/2, 1, 3/2, 2 and s=(1,1),
(1,0), (1,0,1,0) can be presented on the level
of axiomatic approach [21]. The way of such
consideration is demonstrated in [3] on the
test example of the spin s=(1/2,1/2) particle-
antiparticle doublet of fermions.
3 A BRIEF SCHEME OF THE RELATIVIS-
TIC CANONICAL QUANTUM MECHANICS
OF THE SINGLE SPIN S=1/2 FERMION
The Schro¨dinger–Foldy equation is given by
i∂tf(x) =
√
m2 −∆f(x), f =
∣∣∣∣∣ f 1f 2
∣∣∣∣∣ . (17)
The space of the states is as follows
S3,2 ⊂ H3,2 ⊂ S3,2∗. (18)
The generators of the SU(2)-spin have an
explicit form
−→s = 1
2
−→σ ,
[
sj , sℓ
]
= iεjℓnsn, (19)
where −→σ are the standard Pauli matrices
σ1 =
∣∣∣∣∣ 0 11 0
∣∣∣∣∣ , σ2 =
∣∣∣∣∣ 0 −ii 0
∣∣∣∣∣ , σ3 =
∣∣∣∣∣ 1 00 −1
∣∣∣∣∣ .
(20)
The Casimir operator is given by
−→s 2 = 3
4
I2 =
1
2
(
1
2
+ 1
)
I2, I2 =
∣∣∣∣∣ 1 00 1
∣∣∣∣∣ . (21)
The general solution of the Schro¨dinger–
Foldy equation (17) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikx
[
a−+(
−→
k )d1 + a
−
−(
−→
k )d2
]
,
(22)
where notations (9) are used. The orts of the
2-dimensional Cartesian basis have the form
d1 =
∣∣∣∣∣ 10
∣∣∣∣∣ , d2 =
∣∣∣∣∣ 01
∣∣∣∣∣ . (23)
The solution (22) is associated with the sta-
tionary complete set of operators −→p , s3 =
sz, g = −e of the momentum, spin projection
and sign of the charge of the spin 1/2 fermion,
respectively.
7The equations on the eigenvalues of the spin
projection operator s3 = 1
2
∣∣∣∣∣ 1 00 −1
∣∣∣∣∣ and mo-
mentum −→p are given by
s3d1 =
1
2
d1, s
3d2 = −1
2
d2, (24)
−→p e−ikxdr = −→k dr, r = 1, 2.
The interpretation of the amplitudes
a−+(
−→
k ), a−−(
−→
k ) follows from equations (24)
and similar equations on the eigenvalues of
the operator g = −e from stationary complete
set of operators. The functions a−+(
−→
k ), a−−(
−→
k )
are the quantum-mechanical momentum-spin
amplitudes of the fermion with charge -e and
the spin projection eigenvalues +1/2 and -1/2,
respectively.
The Schro¨dinger–Foldy equation (17) and the
set {f} of its solutions (22) are invariant with
respect to the unitary spin s = 1/2 represen-
tation (14) of the Poincare´ group P . The cor-
responding 2× 2 matrix-differential generators
are given by (12), (13), where the spin 1/2 SU(2)
generators −→s = (sℓn) are given in (19).
The validity of this assertion is verified by
the three steps considered in the previous
section after formula (14). The corresponding
Casimir operators have the form
p2 = p̂µp̂µ = m
2I2, (25)
W = wµwµ = m
2−→s 2 = 1
2
(
1
2
+ 1
)
m2I2, (26)
where I2 is given in (21).
Hence, above a brief consideration of the
RCQM foundations of the particle with the
mass m > 0 and the spin s = 1/2 has been
given.
4 A BRIEF SCHEME OF THE RELATIVIS-
TIC CANONICAL QUANTUM MECHANICS
OF THE SINGLE SPIN S=1 BOSON
The Schro¨dinger–Foldy equation is given by
i∂tf(x) =
√
m2 −∆f(x), f =
∣∣∣∣∣∣∣
f 1
f 2
f 3
∣∣∣∣∣∣∣ . (27)
The space of the states is as follows
S3,3 ⊂ H3,3 ⊂ S3,3∗. (28)
The generators of the SU(2)-spin in the most
spread explicit form are given by
s1 =
1√
2
∣∣∣∣∣∣∣
0 1 0
1 0 1
0 1 0
∣∣∣∣∣∣∣ , s2 =
i√
2
∣∣∣∣∣∣∣
0 −1 0
1 0 −1
0 1 0
∣∣∣∣∣∣∣ ,
(29)
s3 =
∣∣∣∣∣∣∣
1 0 0
0 0 0
0 0 −1
∣∣∣∣∣∣∣ .
It is easy to verify that the commutation
relations [
sj, sℓ
]
= iεjℓnsn (30)
of the SU(2)-algebra are valid.
The Casimir operator for this representation
of the SU(2)-algebra is given by
−→s 2 = 2I3 = 1 (1 + 1) I3, I3 =
∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1
∣∣∣∣∣∣∣ . (31)
The general solution of the Schro¨dinger–
Foldy equation (27) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikx
[
c1(
−→
k )d1 + c
2(
−→
k )d2 + c
3(
−→
k )d3
]
, (32)
where notations (9) are used. The orts of the
3-dimensional Cartesian basis have the form
d1 =
∣∣∣∣∣∣∣
1
0
0
∣∣∣∣∣∣∣ , d2 =
∣∣∣∣∣∣∣
0
1
0
∣∣∣∣∣∣∣ , d3 =
∣∣∣∣∣∣∣
0
0
1
∣∣∣∣∣∣∣ . (33)
The solution (32) is associated with the sta-
tionary complete set −→p , s3 = sz of the momen-
tum and spin projection operators of the spin
s=1 boson, respectively.
The equations on the eigenvalues of the spin
projection operator s3 =
∣∣∣∣∣∣∣
1 0 0
0 0 0
0 0 −1
∣∣∣∣∣∣∣ are given
by
8s3d1 = 1d1, s
3d2 = 0, s
3d3 = −1d3. (34)
The interpretation of the amplitudes cj(
−→
k )
in (32) follows from equations (34) and sim-
ilar equations on the operator −→p eigenval-
ues. The functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k ) are the
quantum-mechanical momentum-spin ampli-
tudes of the boson with the spin projection
eigenvalues +1, 0 and -1, respectively.
The Schro¨dinger–Foldy equation (27) and the
set {f} of its solutions (32) are invariant with
respect to the irreducible unitary spin s = 1
representation (14) of the Poincare´ group P .
The corresponding 3×3matrix-differential gen-
erators are given by (12), (13), whereas the spin
1 SU(2) generators −→s = (sℓn) are given in (29).
The validity of this assertion is verified by
the three steps already given in section 2 after
formula (14). The corresponding Casimir oper-
ators have the form
p2 = p̂µp̂µ = m
2I3, (35)
W = wµwµ = m
2−→s 2 = 1(1 + 1)m2I3, (36)
where I3 is given in (31).
Hence, above a brief consideration of the
RCQM foundations of the particle with the
mass m > 0 and the spin s = 1 has been given.
5 A BRIEF SCHEME OF THE RELATIVIS-
TIC CANONICAL QUANTUM MECHANICS
OF THE SINGLE SPIN S=3/2 FERMION
The Schro¨dinger–Foldy equation is given by
i∂tf(x) =
√
m2 −∆f(x), f =
∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
∣∣∣∣∣∣∣∣∣ . (37)
The space of the states is as follows
S3,4 ⊂ H3,4 ⊂ S3,4∗. (38)
The generators of the SU(2)-spin in the most
spread explicit form are given by
s1 =
1
2
∣∣∣∣∣∣∣∣∣∣
0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0
∣∣∣∣∣∣∣∣∣∣
,
s2 =
i
2
∣∣∣∣∣∣∣∣∣∣
0 −√3 0 0√
3 0 −2 0
0 2 0 −√3
0 0
√
3 0
∣∣∣∣∣∣∣∣∣∣
, (39)
s3 =
1
2
∣∣∣∣∣∣∣∣∣
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3
∣∣∣∣∣∣∣∣∣ .
It is easy to verify that the commutation rela-
tions
[
sj, sℓ
]
= iεjℓnsn of the SU(2)-algebra are
valid.
The Casimir operator for this representation
of the SU(2)-algebra is given by
−→s 2 = 15
4
I4 =
3
2
(
3
2
+ 1
)
I4, I4 =
∣∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
∣∣∣∣∣∣∣∣∣ .
(40)
The general solution of the Schro¨dinger–
Foldy equation (37) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikx
[
b1(
−→
k )d1 + b
2(
−→
k )d2 + b
3(
−→
k )d3 + b
4(
−→
k )d4
]
,
(41)
where notations (9) are used. The orts of 4-
dimensional Cartesian basis have the form
d1 =
∣∣∣∣∣∣∣∣∣
1
0
0
0
∣∣∣∣∣∣∣∣∣ , d2 =
∣∣∣∣∣∣∣∣∣
0
1
0
0
∣∣∣∣∣∣∣∣∣ , d3 =
∣∣∣∣∣∣∣∣∣
0
0
1
0
∣∣∣∣∣∣∣∣∣ , d4 =
∣∣∣∣∣∣∣∣∣
0
0
0
1
∣∣∣∣∣∣∣∣∣ .
(42)
The solution (41) is associated with the sta-
tionary complete set −→p , s3 = sz of the mo-
mentum and spin projection operators of spin
s=3/2 fermion, respectively.
9The equations on the spin projection operator
s3 = 1
2
∣∣∣∣∣∣∣∣∣
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3
∣∣∣∣∣∣∣∣∣ eigenvalues are given
by
s3d1 =
3
2
d1, s
3d2 =
1
2
d2,
s3d3 = −1
2
d3, s
3d4 = −3
2
d4. (43)
The interpretation of the amplitudes bα(
−→
k )
in (41) follows from equations (43) and sim-
ilar equations on the operator −→p eigenval-
ues. The functions b1(
−→
k ), b2(
−→
k ), b3(
−→
k , b4(
−→
k )
are the quantum-mechanical momentum-spin
amplitudes of the fermion with the spin pro-
jection eigenvalues 3
2
, 1
2
, −1
2
, −3
2
, respectively.
The Schro¨dinger–Foldy equation (37) and the
set {f} of its solutions (41) are invariant with
respect to the irreducible unitary spin s = 3/2
representation (14) of the Poincare´ group P .
The corresponding 4×4matrix-differential gen-
erators are given by (12). (13), where the spin
3/2 SU(2) generators −→s = (sℓn) are given in
(39).
The validity of this assertion is verified by
the three steps already explained in section 2
after formula (14). The corresponding Casimir
operators have the form
p2 = p̂µp̂µ = m
2I4, (44)
W = wµwµ = m
2−→s 2 = 3
2
(
3
2
+ 1
)
m2I4, (45)
where I4 is given in (40).
Hence, above a brief consideration of the
RCQM foundations of the particle with the
mass m > 0 and the spin s = 3/2 has been
given.
6 A BRIEF SCHEME OF THE RELATIVIS-
TIC CANONICAL QUANTUM MECHANICS
OF THE SINGLE SPIN S=2 BOSON
The Schro¨dinger–Foldy equation is given by
i∂tf(x) =
√
m2 −∆f(x), f =
∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
f 5
∣∣∣∣∣∣∣∣∣∣∣
. (46)
The space of the states is as follows
S3,5 ⊂ H3,5 ⊂ S3,5∗. (47)
The generators of the SU(2)-spin in the most
spread explicit form are given by
s1 =
1
2
∣∣∣∣∣∣∣∣∣∣∣∣
0 2 0 0 0
2 0
√
6 0 0
0
√
6 0
√
6 0
0 0
√
6 0 2
0 0 0 2 0
∣∣∣∣∣∣∣∣∣∣∣∣
,
s2 =
i
2
∣∣∣∣∣∣∣∣∣∣∣∣
0 −2 0 0 0
2 0 −√6 0 0
0
√
6 0 −√6 0
0 0
√
6 0 −2
0 0 0 2 0
∣∣∣∣∣∣∣∣∣∣∣∣
, (48)
s3 =
∣∣∣∣∣∣∣∣∣∣∣
2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2
∣∣∣∣∣∣∣∣∣∣∣
.
It is easy to verify that the commutation rela-
tions
[
sj, sℓ
]
= iεjℓnsn of the SU(2)-algebra are
valid.
The Casimir operator for this representation
of the SU(2)-algebra is given by
−→s 2 = 6I5 = 2 (2 + 1) I5, (49)
where I5 is the 5× 5 unit matrix.
The general solution of the Schro¨dinger–
Foldy equation (46) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikx
[
g1(
−→
k )d1 + g
2(
−→
k )d2 + ...+ g
5(
−→
k )d5
]
, (50)
where notations (9) are used. The orts of the
5-dimensional Cartesian basis have the form
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d1 =
∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
∣∣∣∣∣∣∣∣∣∣∣
,
d3 =
∣∣∣∣∣∣∣∣∣∣∣
0
0
1
0
0
∣∣∣∣∣∣∣∣∣∣∣
, d4 =
∣∣∣∣∣∣∣∣∣∣∣
0
0
0
1
0
∣∣∣∣∣∣∣∣∣∣∣
d5 =
∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣
. (51)
The solution (50) is associated with the sta-
tionary complete set −→p , s3 = sz of the momen-
tum and spin projection operators of the spin
2 boson, respectively.
The equations on the spin projection operator
s3 =
∣∣∣∣∣∣∣∣∣∣∣
2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2
∣∣∣∣∣∣∣∣∣∣∣
eigenvalues are given
by
s3d1 = 2d1, s
3d2 = 1d2,
s3d3 = 0, s
3d4 = −1d4, s3d5 = −2d5. (52)
The interpretation of the amplitudes
gA(
−→
k ), A = 1, 5 in (50) follows from the
equations (52) and similar equations on the
operator −→p eigenvalues. The functions
g1(
−→
k ), g2(
−→
k ), g3(
−→
k , g4(
−→
k ), g5(
−→
k ) are
the quantum-mechanical momentum-spin
amplitudes of the boson with the spin s = 2,
mass m > 0 and with the spin projection
eigenvalues 2, 1, 0, −1, −2, respectively.
The Schro¨dinger–Foldy equation (46) and the
set {f} of its solutions (50) are invariant with
respect to the irreducible unitary spin s = 2
representation (14) of the Poincare´ group P .
The corresponding 5×5matrix-differential gen-
erators are given by (12), (13), whereas the spin
2 SU(2) generators −→s = (sℓn) are given in (48).
The validity of this assertion is verified by
the three steps, which already are given in sec-
tion 2 after the formula (14). The corresponding
Casimir operators have the form
p2 = p̂µp̂µ = m
2I5, (53)
W = wµwµ = m
2−→s 2 = 2 (2 + 1)m2I5, (54)
where I5 is the 5× 5 unit matrix.
Hence, above a brief consideration of the
RCQM foundations of the particle with the
mass m > 0 and the spin s = 2 has been given.
7 THE RELATIVISTIC CANONICAL
QUANTUM MECHANICS OF THE SPIN
S=(1/2,1/2) PARTICLE-ANTIPARTICLE
DOUBLET
The RCQM of arbitrary spin can be formulated
on the level of modern axiomatic approaches to
the quantum field theory. Below in this section
the demonstration on the principal example of
the spin s=(1/2,1/2) particle-antiparticle dou-
blet (e−e+-doublet in partial case) is given.
The axioms of the model are formulated on the
level of correctness of von Neuman’s mono-
graph [15]. Requirements of such physically
verified principles as the principle of relativity
with respect to the tools of cognition (PRTC), prin-
ciple of heredity (PH) with both classical me-
chanics of single mass point and nonrelativistic
quantum mechanics (and the principle of corre-
spondence (PC) with these theories), and also the
Einstein principle of relativity (EPR), are taken
into consideration. The last principle requires
first of all the special relativity (SR) to be taken
into account.
The basic axioms of the model (in the brief
consideration) as the mathematical assertions
have the form of the following statements.
On the space of states. The space of states of
isolated spin s=(1/2,1/2) particle-antiparticle
doublet in an arbitrarily-fixed inertial frame
of reference (IFR) in its −→x -realization is the
Hilbert space
H3,4 = L2(R
3)⊗ C⊗4 = {f = (fα) : R3 → C⊗4,
(55)∫
d3x|f(t,−→x )|2 <∞},
of complex-valued 4-component square-
integrable functions of x ∈ R3 ⊂ M(1, 3)
(similarly, in momentum, −→p -realization). Here−→x and −→p are the operators of canonically
conjugated dynamical variables of the spin
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s=(1/2,1/2) particle-antiparticle doublet, and
the vectors f , f˜ in −→x - and −→p -realizations
are linked by the 3-dimensional Fourier
transformation (the variable t is the parameter
of time-evolution).
The mathematical correctness of the consid-
eration demands the application of the rigged
Hilbert space S3,4 ⊂ H3,4 ⊂ S3,4∗, where the
Schwartz test function space S3,4, which is the
verified tool of the PRTC implementation, is the
kernel (i. e., it is dense both in H3,4 and in the
space S3,4∗ of the generalized Schwartz func-
tions). Such application allows us to perform,
without any loss of generality, all necessary
calculations in the space S3,4 on the level of
correct differential and integral calculus. The
more detailed consideration is given in section
2.
On the time evolution of the state vectors.
The time dependence of the state vectors f ∈
H3,4 (time t is the parameter of evolution) is
given either in the integral form by the unitary
operator
u (t0, t) = exp [−iω̂(t− t0)] ; ω̂ ≡
√
−∆+m2,
(56)
(below t0 = t is put), or in the differential form
by the Schro¨dinger–Foldy equation of motion
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
∣∣∣∣∣∣∣∣∣ . (57)
Here the operator ω̂ ≡ √−∆+m2 is the rela-
tivistic analog of the energy operator (Hamil-
tonian) of nonrelativistic quantum mechanics.
The Minkowski space-time M(1,3) is pseudo
Euclidean with metric g = diag(+1,−1,−1,−1).
Thus, for the fermionic spin s=(1/2,1 /2)
particle-antiparticle doublet the system of two
2-component equations (i∂0 − ω̂)f(x) = 0 and
(i∂0 − ω̂)f(x) = 0 is used. Therefore, the corre-
sponding Schro¨dinger–Foldy equation is given
by (57), where the 4-component wave function
is the direct sum of the particle and antiparticle
wave functions, respectively. Due to the histor-
ical tradition of the physicists the antiparticle
wave function is put in the down part of the
4-column.
The general solution of the Schro¨dinger–
Foldy equation of motion (57) has the form
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ = 1(2π) 32
∫
d3ke−ikx
[
a−+(
−→
k )d1 + a
−
−(
−→
k )d2 + a
+
−(
−→
k )d3 + a
+
+(
−→
k )d4
]
,
(58)
where the orts {dα} of the Cartesian basis are
given in (42) and the notations (9) are used.
Moreover, the form (57) of the equation of
motion means that the information about equal
and positive masses of the particle and antipar-
ticle is inserted into the model.
The pseudo-differential (non-local) operator
ω̂ ≡
√
−̂→p 2 +m2 =
√
−∆+m2 ≥ m > 0; (59)
−̂→p ≡ (p̂j) = −i∇, ∇ ≡ (∂ℓ),
is determined alternatively either in the form
of the power series
ω̂ = m
√
1− B̂ ≡ 1−1
2
B̂+
1 · 2
2 · 3B̂
2−..., B̂ = ∆
m2
,
(60)
or in the integral form
(ω̂f)(t,−→x ) = 1
(2π)
3
2
∫
d3kei
−→
k −→x ω˜f˜(t,−→k ); (61)
ω˜ ≡
√−→
k
2
+m2, f˜ ∈ H˜3,4,
where f and f˜ are linked by the 3-dimensional
Fourier transformations
f(t,−→x ) = 1
(2π)
3
2
∫
d3kei
−→
k −→x f˜(t,−→k )⇔ f˜(t,−→k ) =
(62)
1
(2π)
3
2
∫
d3ke−i
−→
k −→x f˜(t,−→x ),
(in (62)
−→
k belongs to the spectrum R3~k of the
operator −̂→p , and the parameter t ∈ (−∞,∞) ⊂
M(1, 3)).
Note that the space of states (55) is invari-
ant with respect to the Fourier transformation
(62). Therefore, both −→x -realization (55) and −→k -
realization H˜3,4 for the doublet states space
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are suitable for the purposes of our consid-
eration. In the
−→
k -realization the Schro¨dinger–
Foldy equation has the algebraic-differential
form
i∂tf˜(t,
−→
k ) =
√−→
k
2
+m2f˜(t,
−→
k ); (63)
−→
k ∈ R3~k, f˜ ∈ H˜3,4.
Below in the places, where misunderstanding
is impossible, the symbol ”tilde” is omitted.
On the fundamental dynamical variables.
The dynamical variable −→x ∈ R3 ⊂M(1,3)
(as well as the variable
−→
k ∈ R3~k) repre-
sents the external degrees of freedom of the
spin s=(1/2,1/2) particle-antiparticle doublet.
The spin −→s of the spin s=(1/2,1/2) particle-
antiparticle doublet is the first in the list of the
carriers of the internal degrees of freedom. Tak-
ing into account the Pauli principle and the fact
that experimentally positron is observed as the
mirror reflection of an electron, the operators of
the charge sign and the spin of the s=(1/2,1/2)
particle-antiparticle doublet are taken in the
form
g ≡ −γ0 =
∣∣∣∣∣ −I2 00 I2
∣∣∣∣∣ , −→s = 12
∣∣∣∣∣ −→σ 00− C−→σ C
∣∣∣∣∣ ,
(64)
where −→σ are the standard Pauli matrices (20),
C is the operator of complex conjugation, the
operator of involution in H3,4, I2 is explained in
(21).
In the choice of the spin (64) the princi-
ple of correspondence and heredity with the
FW representation is used, where the particle-
antiparticle doublet spin operator is given by
−→s FW = 1
2
∣∣∣∣∣ −→σ 00−→σ
∣∣∣∣∣ . (65)
The link between the spins (64) and (65) is
given by the transformation operator v from
[3] (note that transformation v is valid for the
case of antiHermitian form of spins (64), (65)).
The spin matrices (64), (65) satisfy the com-
mutation relations
[
sj, sl
]
= iεjlnsn, ε123 = +1,
(7) of the algebra of SU(2) group, where εjln
is the Levi-Civita tensor and sj = εjℓnsℓn are
the Hermitian 4 × 4 matrices (64), (65) – the
generators of a 4-dimensional reducible repre-
sentation of the spin group SU(2) (universal
covering of the SO(3)⊂SO(1,3) group).
The Casimir operator for the RCQM repre-
sentation of SU(2) spin given in (64) has the
form
−→s 2 = 3
4
I4 =
1
2
(
1
2
+ 1)I4, (66)
where I4 is 4× 4 unit matrix.
On the external and internal degrees of
freedom. The coordinate −→x (as an operator
in H3,4) is an analog of the discrete index of
generalized coordinates q ≡ (q1, q2, ...) in non-
relativistic quantum mechanics of the finite
number degrees of freedom. In other words
the coordinate −→x ∈ R3 ⊂M(1,3) is the continu-
ous carrier of the external degrees of freedom
of a multiplet (the similar consideration was
given in [23]). The coordinate operator together
with the operator −̂→p determines the operator
mln = xlp̂n−xnp̂l of an orbital angular momen-
tum, which also is connected with the external
degrees of freedom.
However, the RCQM doublet has the addi-
tional characteristics such as the spin operator−→s (64), which is the carrier of the internal
degrees of freedom of this multiplet. The set
of generators (p̂µ, ĵµν) (12), (13) of the main dy-
namical variables (formulae (73) below) of the
doublet are the functions of the following basic
set of 9 functionally independent operators
−→x = (xj), −̂→p = (p̂j), −→s ≡
(
sj
)
= (s23, s31, s12) .
(67)
Note that −→s commutes both with (−→x , −̂→p )
and with the operator i∂t −
√−∆+m2 of the
Schro¨dinger–Foldy equation (57). Thus, for the
free doublet the external and internal degrees
of freedom are independent. Therefore, 9 op-
erators (67) in H3,4, which have the univocal
physical sense, are the generating operators not
only for the 10 P generators (p̂µ, ĵµν) (12), (13)
but also for other operators of any experimen-
tally observable quantities of the doublet.
On the algebra of observables. Using the
operators of canonically conjugated coordi-
nate −→x and momentum −→p (where
[
xj , p̂ℓ
]
=
iδjℓ,
[
xj , xℓ
]
=
[
p̂j, p̂ℓ
]
= 0, in H3,4), being
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completed by the operators −→s (64) and g, we
construct the algebra of observables (according
to the PH) as the Hermitian functions of 10
(−→x , −→p −→s , −γ0) generating elements of the al-
gebra.
On the relativistic invariance of the theory.
This invariance (implementation of the SR) is
ensured by the proof of the invariance of the
Schro¨dinger–Foldy equation (57) with respect
to the unitary representation (14) of the uni-
versal covering P ⊃ L=SL(2,C) of the proper
ortochronous Poincare´ group P↑+ = T(4)×)L↑+ ⊃
L↑+. Here L = SL(2,C) is the universal covering
of proper ortochronous Lorentz group L↑+.
The generators of the fermionic (P f ) rep-
resentation of the group P , with respect to
which the Schro¨dinger–Foldy equation (57) is
invariant, are given by (12), (13) in the −→x -
realization of the space H3,4 (55) and by
p0 = ω, pℓ = kℓ, j˜ℓn = x˜ℓkn − x˜nkℓ + sℓn; (68)
(ω ≡
√−→
k
2
+m2, x˜ℓ = −i∂˜ℓ, ∂˜ℓ ≡ ∂
∂kℓ
),
j˜0ℓ = −j˜ℓ0 = tkl − 1
2
{x˜ℓ, ω} −
(
sℓnkn
ω +m
≡ ˘˜sℓ
)
,
(69)
in the momentum
−→
k -realization H˜3,4 of the
doublet states space, respectively. The explicit
form of the spin terms sℓn in the expressions
(12), (13), (68), (69), which is used for the
spin s=(1/2,1/2) particle-antiparticle doublet,
is given in the definition (64).
Despite the manifestly non-covariant forms
(12), (13), (68), (69) of the P f-generators, they
satisfy the commutation relations of the P al-
gebra in the manifestly covariant form (11).
The P f-representation of the group P in the
space H3,4 (55) is given by a converged in this
space exponential series (14) or, in the momen-
tum space H˜3,4, by a corresponding exponential
series given in terms of the generators (68), (69).
The corresponding Casimir operators have
the form
p2 = p̂µp̂µ = m
2I4, (70)
W = wµwµ = m
2−→s 2 = 1
2
(
1
2
+ 1
)
m2I4, (71)
where −→s is given in (64) and I4 is 4 × 4 unit
matrix.
Note that the modern definition of P in-
variance (or P symmetry) of the equation of
motion (57) in H3,4 is given by the following
assertion, see, e. g. [22]. The set F ≡ {f} of all
possible solutions of the equation (57) is invariant
with respect to the P f -representation of the group
P , if for arbitrary solution f and arbitrarily-fixed
parameters (a,̟) the assertion
(a,̟)→ U(a,̟) {f} = {f} ≡ F (72)
is valid. Furthermore, the assertion (72) is en-
sured by the fact that (as it is easy to verify) all
the P-generators (12), (13) commute with the
operator i∂t −
√−∆+m2 of the equation (57).
In spite of the fact that in RCQM many
manifestly noncovariant objects are used, the
model under consideration is relativistic invariant
in the sense of the definition given above.
On the main and additional conservation
laws.
Similarly to the nonrelativistic quantum me-
chanics the conservation laws are found in the
form of quantum-mechanical mean values of the
operators, which commute with the operator of the
equation of motion.
The important physical consequence of the
assertion about the relativistic invariance is the
fact that 10 integral dynamical variables of the
doublet
(Pµ, Jµν) ≡
∫
d3xf †(t,−→x )(p̂µ, ĵµν)f(t,−→x ) =
(73)
Const
do not depend on time, i. e. they are the
constants of motion for this doublet.
Note that the external and internal degrees of
freedom for the free spin s=(1/2,1/2) partical-
antipartical doublet are independent. There-
fore, the operator −→s (64) commutes not only
with the operators −̂→p ,−→x , but also with the
orbital part m̂µν of the total angular momentum
operator. And both operators −→s and m̂µν com-
mute with the operator i∂t −
√−∆+m2 of the
equation (57). Therefore, besides the 10 main
(consequences of the 10 Poincare´ generators)
conservation laws (73), 12 additional constants
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of motion exist for the free spin s=(1/2,1/2)
partical-antipartical doublet. These additional
conservation laws are the consequences of the
operators of the following observables:
sj , s˘ℓ =
sℓnp̂n
ω̂ +m
, m̂ℓn = xlp̂n − xnp̂ℓ,
m̂0ℓ = −m̂l0 = tp̂ℓ − 1
2
{xℓ, ω̂} , (74)
where sj = sℓn are given in (64).
Thus, the following assertions can be proved.
In the space HA = {A} of the quantum-
mechanical amplitudes the 10 main conserva-
tion laws (73) have the form
(Pµ, Jµν) =
∫
d3kA†(
−→
k )(p˜µ, j˜µν)A(
−→
k ), (75)
A(
−→
k ) ≡
∣∣∣∣∣ a−ra+r´
∣∣∣∣∣ ,
where the density generators of PA, (p˜µ, j˜µν) of
(75) are given by
p˜0 = ω, p˜l = kl, j˜ln = x˜lkn − x˜nkl + sln; (76)
(x˜l = −i ∂
∂kl
),
j˜0l = −j˜l0 = −1
2
{x˜l, ω} − (˘˜sl ≡ slnkn
ω +m
). (77)
In the formula (75) A(
−→
k ) ≡
∣∣∣∣∣ a−ra+r´
∣∣∣∣∣ is a 4-column
of amplitudes a−+(
−→
k ), a−−(
−→
k ), a+−(
−→
k ), a++(
−→
k ),
where r = (+.−). r´ = (−,+).
Note that the operators (75)–(77) satisfy the
Poincare´ commutation relations in the mani-
festly covariant form (11).
It is evident that the 12 additional conserva-
tion laws
(Mµν , Sℓn, S˘ℓ) ≡∫
d3xf †(t,−→x )(m̂µν , sℓn, s˘ℓ)f(t,−→x ) (78)
generated by the operators (74), are the sepa-
rate terms in the expressions (75)–(77) of prin-
cipal (main) conservation laws.
On the stationary complete sets of oper-
ators. Let us consider now the outstanding
role of the different complete sets of operators
from the algebra of observables AS. If one does
not appeal to the complete sets of operators,
then the solutions of the the Schro¨dinger-Foldy
equation (57) are linked directly only with the
Sturm-Liouville problem for the energy oper-
ator (59). In this case one comes to so-called
”degeneration” of solutions. Recall that for an
arbitrary complete sets of operators the notion
of degeneration is absent in the Sturm-Liouville
problem (see, e.g., [21]): only one state vector
corresponds to any one point of the common
spectrum of a complete set of operators. To wit,
for a comp;ete set of operators there is a one to
one correspondence between any point of the
common spectrum and an eigenvector.
The stationary complete sets play the special
role among the complete sets of operators.
Recall that the stationary complete set is the
set of all functionally independent mutually
commuting operators, each of which commutes
with the operator of energy (in our case with
the operator (59)). The examples of the station-
ary complete sets in H3,4 are given by (−̂→p , sz ≡
s3, g), (−→p , −→s · −→p , g), ets. The set (−→x , sz, g)
is an example of non-stationary complete set.
The −→x -realization (55) of the space H3,4 and of
quantum-mechanical Schro¨dinger-Foldy equa-
tion (57) are related just to this complete set.
For the goals of this paper the stationary
complete set (−̂→p , sz ≡ s3, g) is chosen. The
equations on eigenvectors and eigenvalues of
the operators of this stationary complete set
have the form
−̂→p e−ikxdα = −→k e−ikxdα, α = 1, 2, 3, 4, (79)
s3d1 =
1
2
d1, s
3d2 = −1
2
d2,
s3d3 = −1
2
d3, s
3d4 =
1
2
d4, (80)
gd1 = −d1, gd2 = −d2, gd3 = d3, gd4 = d4,
(81)
where the Cartesian orts {dα} are given in (42).
The interpretation of the amplitudes in the
general solution (58) follows from equations
(79)–(81). Thus, the functions a−+(
−→
k ), a−−(
−→
k ) are
the momentum-spin amplitudes of the particle
(e. g., electron) with the momentum −̂→p , sign of
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the charge (−e) and spin projections (1
2
, −1
2
), re-
spectively. Further, the functions a+−(
−→
k ), a++(
−→
k )
in (58) are the momentum-spin amplitudes of
the antiparticle (e. g., positron) with the mo-
mentum −̂→p , sign of the charge (+e) and spin
projections (−1
2
, 1
2
), respectively.
Thus, the conclusion about the fermionic
spin s=(1/2,1/2) features of solution (58) (i. e.
the interpretation of the solution (58)) follows
from the equations (79)–(81) and the above
given interpretation of the amplitudes.
On the solutions of the Schro¨dinger-Foldy
equation. Let us consider the Schro¨dinger-
Foldy equation (57) general solution related to
the stationary complete sets (−̂→p , sz ≡ s3, g),
where s3 is given in (64). The fundamental
solutions of the equation (57), which are the
eigen solutions of this stationary complete sets,
are given by the relativistic de Broglie waves:
ϕ~kα(t,
−→x ) = 1
(2π)
3
2
e−iωt+i
~k~xDα, Dα = (δ
β
α),
(82)
α = r, r´, r = 1, 2, r´ = 3, 4,
Dr ≡
∣∣∣∣∣ dr0
∣∣∣∣∣ , Dr´ ≡
∣∣∣∣∣ 0dr´
∣∣∣∣∣ , (83)
d1 = d3 =
∣∣∣∣∣ 10
∣∣∣∣∣ , d2 = d4 =
∣∣∣∣∣ 01
∣∣∣∣∣ ,
where the Cartesian orts Dα are the common
eigenvectors for the operators (sz, g).
Vectors (82) are the generalized solutions
of the equation (57). These solutions do not
belong to the quantum-mechanical space H3,4,
i. e. they are not realized in the nature. Never-
theless, the solutions (82) are the complete or-
thonormalized orts in the rigged Hilbert space
S3,4 ⊂ H3,4 ⊂ S3,4∗. In symbolic form the condi-
tions of orthonormalisation and completeness
are given by
∫
d3xϕ†~kα(t,
−→x )ϕ~k′α′(t,−→x ) = δ(
−→
k −−→k ′)δαα′ ,
(84)
∫
d3k
4∑
α=1
ϕβ~kα(t,
−→x )ϕ∗β′~kα (t,−→x
′) = δ(−→x −−→x ′)δββ′ .
(85)
The functional forms of these conditions are
omitted because of their bulkiness.
In the rigged Hilbert space S3,4 ⊂ H3,4 ⊂ S3,4∗
an arbitrary solution of the equation (57) can be
decomposed in terms of fundamental solutions
(82). Furthermore, for the solutions f ∈ S3,4 ⊂
H3,4 the expansion
f(t,−→x ) = 1
(2π)
3
2
∫
d3xe−ikx[a−r (
−→
k )Dr+a
+
r´ (
−→
k )D+r´ ],
(86)
kx ≡ ωt−−→k −→x , ω ≡
√−→
k
2
+m2,
is, (i) mathematically well-defined in the frame-
work of the standard differential and inte-
gral calculus, (ii) if in the expansion (86) a
state f ∈ S3,4 ⊂ H3,4, then the amplitudes
(aα) = (a
−
r , a
+
r´ ) in (86) belong to the set of
the Schwartz test functions over R3~k. Therefore,
they have the unambiguous physical sense
of the amplitudes of probability distributions
over the eigen values of the stationary com-
plete sets (−̂→p , sz, g). Moreover, the complete
set of quantum-mechanical amplitudes unam-
biguously determine the corresponding repre-
sentation of the space H3,4 (in this case it is the
(
−→
k , sz, g)-representation), which vectors have
the harmonic time dependence
f˜(t,
−→
k ) = e−iωtA(
−→
k ), (87)
A(
−→
k ) ≡ column(a−+, a−−, a+−, a++),
i. e. are the states with the positive sign of the
energy ω˜.
The similar assertion is valid for the expan-
sions of the states f ∈ H3,4 over the basis
states, which are the eigen vectors of an ar-
bitrary stationary complete sets. Therefore, the
corresponding representation of the space H3,4,
which is related to such expansions, is often
called as the generalized Fourier transforma-
tion.
By the way, the −→x -realization (55) of
the states space is associated with the
non-stationary complete set of operators
(−→x , sz, g). Therefore, the amplitudes
fα(t,−→x ) = D†αf(t,−→x ) = U(t)f(0,−→x ) of
the probability distribution over the eigen
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values of this complete set depend on time t
non-harmonically.
On the Clifford–Dirac algebra.
The Clifford–Dirac algebra of the γ-matrices
must be introduced into the FW representa-
tions. The reasons are as follows.
Part of the Clifford–Dirac algebra operators
are directly related to the spin 1/2 doublet
operators (1
2
γ2γ3, 1
2
γ3γ1, 1
2
γ1γ2) (in the anti-
Hermitian form). In the FW representation for
the spinor field [2] these spin operators com-
mute with the Hamiltonian and with the oper-
ator of the equation of motion i∂0− γ0ω̂. In the
Pauli–Dirac representation these operators do
not commute with the Dirac equation operator.
Only the sums of the orbital operators and such
spin operators commute with the Diracian. So
if we want to relate the orts γµ of the Clifford–Dirac
algebra with the actual spin we must introduce this
algebra into the FW representation.
In the quantum-mechanical representation (i.
e. in the space {f} of the solutions (58) of the
Schro¨dinger–Foldy equation(57)) the γ-matrices
are obtained by the transformation v given in
the formula (89) below.
Moreover, we use the generalized Clifford–
Dirac algebra over the field of real numbers.
This algebra was introduced in Refs. [24–28].
The use of 29 orts of this proper extended real
Clifford–Dirac algebra gives the additional pos-
sibilities in comparison with only 16 elements
of the standard Clifford–Dirac algebra, see, e.
g., [24–28].
The definitions of spin matrices (64) de facto
determine a so-called ”quantum-mechanical”
representation of the Dirac matrices
γ¯µˆ : γ¯µˆγ¯ νˆ + γ¯ νˆ γ¯µˆ = 2gµˆνˆ ; γ¯−10 = γ¯0, γ¯
−1
l = −γ¯l,
(88)
gµˆνˆ ≡ (+−−−−), µˆ = 0, 1, 2, 3, 4.
The matrices γ¯µ (88) of this representation are
linked with the Dirac matrices γµˆ in the stan-
dard Pauli-Dirac (PD) representation:
γ¯0 = γ0, γ¯1 = γ1C, γ¯2 = γ0γ2C, γ¯3 = γ3C,
γ¯4 = γ0γ4C;
γ¯µˆ = vγ¯µˆv, v ≡
∣∣∣∣∣ I2 00 CI2
∣∣∣∣∣ = v−1, (89)
where the standard Dirac matrices γµˆ are given
by
γ0 =
∣∣∣∣∣ I2 00 −I2
∣∣∣∣∣ , γk =
∣∣∣∣∣ 0 σk−σk 0
∣∣∣∣∣ , (90)
γ4 ≡ γ0γ1γ2γ3, γ0γ1γ2γ3γ4 = −I4,
C is the operator of complex conjugation.
Note that in the terms of γ¯µ matrices (89) the
RCQM spin operator (64) has the form
−→s = i
2
(γ¯2γ¯3, γ¯3γ¯1, γ¯1γ¯2). (91)
Therefore, the complete analogy with the
particle-antiparticle doublet spin in the FW
representation exists
−→s FW = i
2
(γ2γ3, γ3γ1, γ1γ2). (92)
The γ¯µ matrices (89) together with the matrix
γ¯4 ≡ γ¯0γ¯1γ¯2γ¯3, imaginary unit i ≡ √−1 and
operator C of complex conjugation in H3,4 gen-
erate the quantum-mechanical representations
of the extended real Clifford-Dirac algebra and
proper extended real Clifford-Dirac algebra,
which were put into consideration in [24] (see
also [25–28]).
Remind that in [24–28] for the purposes
of finding links between the fermionic and
bosonic states not 5 (as in (88)–(90)) but 7
generating γ matrices were used. In addition
to γ1, γ2, γ3, γ4 matrices from (90) 3 new γ
matrices were introduced. Therefore, the set of
7 generating γ matrices is given by
γ1, γ2, γ3, γ4, γ5 ≡ γ1γ3C, γ6 ≡ iγ1γ3C, (93)
γ7 ≡ iγ0, γ1γ2γ3γ4γ5γ6γ7 = I4.
Here, in the quantum-mechanical representa-
tion these γ matrices (in the terms of standard
γ matrices) have the form
γ¯1, γ¯2, γ¯3, γ¯4 ≡ γ¯0γ¯1γ¯2γ¯3, γ¯5 ≡ γ1γ3C, (94)
γ¯6 ≡ −iγ2γ4C, γ¯7 ≡ i, γ¯1γ¯2γ¯3γ¯6γ¯5γ¯6γ¯7 = I4,
17
and satisfy the anticommutation relations in
the following form
γ¯Aγ¯B + γ¯Bγ¯A = 2δAB, A = 1, 7. (95)
The Clifford–Dirac anticommutation relations
for the matrices (93) are similar.
The γ matrices (93), (94) generate the 29
dimensional representation of the proper ex-
tended real Clifford–Dirac algebra SO(8), which
was introduced in [24–28]. Both the funda-
mental representation SAB = 1
4
[γAγB] and the
RCQM representation S¯AB = 1
4
[γ¯Aγ¯B] are gener-
ated by the matrices (93) and (94), respectively.
On the structure, subalgebras and different rep-
resentations of the extended real Clifford–Dirac
algebra see, e. g., in [28].
The additional possibilities, which are open
by the additional 29 orts of algebra SO(8)
in comparison with 16 orts of the standard
Clifford–Dirac algebra, are principal in de-
scription of the Bose states in the frame-
work of the Dirac theory [24–28]. The algebra
SO(8) includes two independent SU(2) subal-
gebras (γ2γ3, γ3γ1, γ1γ2) and (γ5γ6, γ6γ4, γ4γ5),
when the standard Clifford–Dirac algebra
includes only one given by the elements
(γ2γ3, γ3γ1, γ1γ2).
Therefore, the algebra SO(8) should be taken
as the Clifford–Dirac algebra of RCQM.
Dynamic and kinematic aspects of the rel-
ativistic invariance. Consider briefly some de-
talizations of the relativistic invariance of the
Schro¨dinger–Foldy equation (57). Note that for
the free spin s=(1/2,1/2) particle-antiparticle
doublet the equation (57) has one and the same
explicit form in arbitrary-fixed IFR (its set of
solutions is one and the same in every IFR).
Therefore, the algebra of observables and the
conservation laws (as the functionals of the free
spin s=(1/2,1/2) particle-antiparticle doublet
states) have one and the same form too. This
assertion explains the dynamical sense of the P
invariance (the invariance with respect to the
dynamical symmetry group P).
Another, kinematic, aspect of the P invari-
ance of the RQCM model has the following
physical sense. Note at first that any solution
of the Schro¨dinger–Foldy equation (57) is deter-
mined by the concrete given set of the ampli-
tudes {A}. It means that if f with the fixed set
of amplitudes {A} is the state of the doublet
in some arbitrary IFR, then for the observer
in the (a, ̟)-transformed IFR′ this state f ′ is
determined by the amplitudes {A′}. The last
ones are received from the given {A} by the
unitary PA -transformation
PA : (a,̟)→ U˜(a,̟) = exp(−iaµp˜µ− i
2
̟µν j˜µν),
(96)
where (p˜µ, j˜µν) are given in (68), (69).
The axiom on the mean value of the oper-
ators of observables. Note that any apparatus
can not fulfill the absolutely precise measure-
ment of a value of the physical quantity having
continuous spectrum. Therefore, the customary
quantum-mechanical axiom about the possibil-
ity of ”precise” measurement, for example, of
the coordinate (or another quantity with the
continuous spectrum), which is usually associ-
ated with the corresponding ”reduction” of the
wave-packet, can be revisited. This assertion
for the values with the continuous spectrum
can be replaced by the axiom that only the
mean value of the operator of observable (or
the corresponding complete set of observables)
is the experimentally observed for ∀f ∈ H3,4.
Such axiom, without any loss of generality of
consideration, unambiguously justifies the us-
ing of the subspace S3,4 ⊂ H3,4 as an approxima-
tive space of the physically realizable states of
the considered object. This axiom as well does
not enforce the application of the conception of
the ray in H3,4 (the set of the vectors eiαf with
an arbitrary-fixed real number α) as the state
of the object. Therefore, the mapping (a, ̟)→
U(a, ̟) in the formula (96) and in the formula
(14) for the P-representations in S3,4 ⊂ H3,4 is
an unambiguous. Such axiom actually removes
the problem of the wave packet ”reduction”,
which discussion started from the well-known
von Neumann monograph [15]. Therefore, the
subjects of the discussions of all ”paradoxes” of
quantum mechanics, a lot of attention to which
was paid in the past century, are removed also.
The important conclusion about the RCQM
is as follows. The consideration of all aspects
of this model is given on the basis of using
only such conceptions and quantities, which
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have the direct relation to the experimentally
observable physical quantities of this ”elemen-
tary” physical system.
On the principles of heredity and the corre-
spondence. The explicit forms (73)–(78) of the
main and additional conservation laws demon-
strate evidently that the model of RCQM sat-
isfies the principles of the heredity and the
correspondence with the non-relativistic clas-
sical and quantum theories. The deep anal-
ogy between RCQM and these theories for the
physical system with the finite number degrees
of freedom (where the values of the free dy-
namical conserved quantities are additive) is
also evident.
Our new way of the Dirac equation deriva-
tion (section 9 below) is started from the RCQM
of the spin s=(1/2,1/2) doublet, which is for-
mulated in this section above.
On the physical interpretation. The physical
interpretation always is the final step in the
arbitrary model of the physical reality formu-
lation.
The above considered model of physical real-
ity is called the canonical quantum mechanics
due to the principles of the heredity and cor-
respondence with nonrelativistic Schro¨dinger
quantum mechanics [15].
The above considered canonical quantum
mechanics is called the relativistic canonical
quantum mechanics due to its invariance with
respect to the corresponding representations of
the Poincare´ group P .
The above considered RCQM describes the
spin s = (1/2,1/2) particle-antiparticle doublet
due to the corresponding eigenvalues in the
equations (79)–(81) for the stationary complete
set of operators and the explicit forms of the
Casimir operators (70), (71) of the correspond-
ing Poincare´ group P representation, with re-
spect to which the dynamical equation of mo-
tion is invariant.
8 BRIEFLY ON THE SECOND QUANTIZA-
TION
Finally, consider briefly the program of the
canonical quantization of the RCQM model.
Note that the expression for the total energy
P0 plays a special role in the procedure of a
so called ”second quantization”. In the RCQM
doublet model, as it is evident from the expres-
sion for the P0 in (75) in terms of the charge
sign-momentum-spin amplitudes
P0 =
∫
d3kω
(∣∣∣a−r (−→k )∣∣∣2 + ∣∣∣a+r´ (−→k )∣∣∣2) ≥ m > 0,
(97)
the energy is positive. The same assertion
is valid for the amplitudes related to the
arbitrary-fixed stationary complete set of oper-
ators. Furthermore, the operator P̂0 of the quan-
tized energy corresponding to expression (97)
is a positive-valued operator. The explicit form
of the operator P̂0 follows from the expression
(97) after the anticommutation quantization of
the amplitudes
{
âα(
−→
k ), â†β(
−→
k )
}
= δαβδ
(−→
k −−→k ′
)
(98)
(other operators anticommute) and their substi-
tution a∓ → â∓ into the formula (97). Note that
the quantized amplitudes determine the Fock
space HF (over the quantum-mechanical space
H3,4). Moreover, the operators of dynamical
variables P̂µ, Ĵµν in HF, which are expressed
according to formulae (75) in terms of the op-
erator amplitudes âα(
−→
k ), â†β(
−→
k ), automatically
have the form of ”normal products” and satisfy
the commutation relations (11) of the P group
in the Fock space HF. Operators P̂µ, Ĵµν deter-
mine the corresponding unitary representation
in HF. Other details are not the subject of this
paper.
9 DERIVATION OF THE FOLDY–
WOUTHUYSEN AND THE STANDARD
DIRAC EQUATIONS FROM THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS
At first, the FW and the standard Dirac equa-
tions are proved to be the direct and un-
ambiguous consequences of the Schro¨dinger–
Foldy equation (57) and of the RCQM model.
Further, consider briefly the physical and math-
ematical sense of three different models of the
fermionic doublet (RCQM, the FW model, the
Dirac model) at the example of comparison of
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the group-theoretical approaches to these three
models.
Thus, below we search for the infallible links
between the RCQM, the FW model and the
Dirac model of the fermionic doublet. The
links between the objects of equations (and
between the associated operators of the algebra
of observables) of these three models are un-
der consideration. The following mathematical
and physical assertions should be taken into
account in order to perform such a program.
The Poincare´ group P is the group of real
parameters (a, ̟), i. e. it is a real Lie group.
Therefore, as a matter of fact the prime (anti-
Hermitian) generators
(pµ, jµν)
prime ≡ (pprµ , jprµν) ≡ (−ipµ, −ijµν) (99)
are the generators of the group P , and not the
operators (pµ, jµν), which were used in all the
above formulae. In terms of prime generators
(99) the P-representation in the space H3,4 is
given by the formula
(a,̟)→ U(a,̟) = exp(aµpprµ +
1
2
̟µνjprµν),
(100)
and the commutation relations of the Lie alge-
bra of the group P in manifestly covariant form
are given by
[
pprµ , p
pr
ν
]
= 0,
[
pprµ , j
pr
ρσ
]
= gµρpσ − gµσpρ,[
jprµν , j
pr
ρσ
]
= −gµρjprνσ − gρνjprσµ − gνσjprµρ − gσµjprρν .
(101)
It was demonstrated [24–28] that the prime
(anti-Hermitian) generators play a special role
in the group-theoretical approach to the quan-
tum theory and symmetry analysis of the cor-
responding equations. It is due to the anti-
Hermitian generators of the groups under con-
sideration that in [24–28] the additional bosonic
properties of the FW and Dirac equations have
been found. The mathematical correctness of
appealing to the anti-Hermitian generators is
considered in details in Refs. [29, 30].
Below in this section only the prime (anti-
Hermitian) P-generators and the prime op-
erators of all energy-momentum an angular
momentum quantities are used. Therefore, after
this warning in the consideration below the
notation ”prime” or ”pr” of the corresponding
operators is omitted.
Moreover, we rewrite the explicit forms of
the Schro¨dinger–Foldy, the FW and the Dirac
equations in the terms of anti-Hermitian oper-
ators.
The link between the Schro¨dinger–Foldy
equation (57) and the FW equation [2] is given
by the operator v
v =
∣∣∣∣∣ I2 00 CI2
∣∣∣∣∣ ; v2 = I4, I2 =
∣∣∣∣∣ 1 00 1
∣∣∣∣∣ ,
(102)
(on the existence of such an operator see in the
formulae (89)), C is the operator of complex
conjugation, the operator of involution in the
space H3,4. For the non-singular operator v from
(102) the equality
v (∂0 + iω̂) v = ∂0 + iγ
0ω̂ (103)
is valid. It means that after the transformation
f → φ = vf the Schro¨dinger–Foldy equation
(57) becomes the FW equation
(
∂0 + iγ
0ω̂
)
φ(x) = 0; φ = vf ≡
∣∣∣∣∣ ϕ−ϕ∗+
∣∣∣∣∣ ∈ H3,4.
(104)
The inverse transformation is also valid
f = vφ. (105)
The operator v (102) transforms arbitrary
operator q of the RCQM into the operator Q
in the FW representation for the spinor field
and vice versa:
Q = vqv↔ q = vQv. (106)
The only warning is that formula (106) is valid
only for the anti-Hermitian operators! It means
that in order to avoid mistakes one should
apply this formula only for the prime (anti-
Hermitian) energy-momentum, angular mo-
mentum and spin quantities. Especially if one
uses the operator (102) for the transformation
of the commutation relations.
The Foldy-Wouthuysen model of the
fermionic doublet. Comparison of the RCQM
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and the FW model of the fermionic doublet
is the content of the paper [16]. Here some
additional important features of the FW model
are considered.
The quantum-mechanical sense of the object
φ is the following. The equation (104) is a
system of two 2-component equations
(∂0+ iω̂)ϕ−(x) = 0, (∂0− iω̂)ϕ∗+(x) = 0. (107)
The first equation is the equation for the wave
function ϕ− of the particle (electron) and the
second is the one for the function ϕ∗+ being the
complex conjugate to the wave function ϕ+ of
the antiparticle (positron).
Under the transformations (106) the P f-
generators (12), (13) (taken with the spin term (64)
and in the prime anti-Hermitian form) become the
prime Pφ-generators (P-symmetries of the FW
equation (104))
p̂0 = −iγ0ω̂, p̂ℓ = ∂ℓ, ĵℓn = xℓ∂n − xn∂ℓ + ŝℓn ≡
(108)
m̂ℓn + ŝℓn,
ĵ0ℓ = t∂ℓ +
i
2
γ0 {xl, ω̂}+ γ0 ŝℓnp̂n
ω̂ +m
, (109)
where
ŝℓn = ŝ
ℓn ≡ 1
4
[
γℓ, γn
]
, (110)
and γµ are the standard Dirac matrices (90) (in
the Pauli–Dirac representation).
Therefore, the Pφ-generators (108), (109) of
the Pφ-representation in H3,4 (as well as the
operators qφ = vqfv) of the algebra of all observ-
able physical quantities in the FW model of the
fermionic doublet) are the functions generated
by the 10 operators
−→x = (xj) ∈ R3, −̂→p = −∇, −̂→s ≡ (ŝ23, ŝ31, ŝ12), γ0,
(111)
where ŝℓn are given in (110). The physical sense
of these operators (as well as of the functions qφ
from them) follows from the physical sense of
the corresponding quantum-mechanical opera-
tors (−→x , −→p −→s , γ0) (and qf), which are verified
by the principles of the heredity and corre-
spondence with non-relativistic quantum and
classical theories.
The solution (58) of the Schro¨dinger–Foldy
equation (57), which is associated with the sta-
tionary complete set of operators (momentum
– sign of the charge – spin projection s¯z) is
transformed into the solution
φ(x) =
1
(2π)
3
2
∫
d3k{e−ikx[a−+(−→k )d1+ a−−(−→k )d2]+
eikx[a∗+− (
−→
k )d3 + a
∗+
+ (
−→
k )d4]}. (112)
of the FW equation (104), where a−+(
−→
k ), a−−(
−→
k )
are the same as in (58) and a∗+− (
−→
k ), a∗++ (
−→
k )
are the complex conjugated functions
to the quantum-mechanical amplitudes
a+−(
−→
k ), a++(
−→
k ) of the standard quantum-
mechanical sense, which was considered in
section 7.
Further, similarly to the RCQM in the FW
model the additional conservation laws also
exist together with the main 10 Poincare´ con-
servation quantities
(p̂µ, ĵµν)
φ → (Pµ, Jµν)φ =∫
d3xφ†(x)i(p̂µ, ĵµν)
φφ(x). (113)
The 12 additional conservation laws, which
were considered in section 7, also exist and
can be very easy calculated here. Naturally,
due to non-unitarity of the operator v from
(102) the explicit form of the conservation laws
(113) does not coincide with the quantum-
mechanical quantities (73). It is evident from
the expression (113) in the terms of quantum-
mechanical amplitudes
(Pµ, Jµν)
φ =
∫
d3kAφ†(
−→
k )(p˜µ, j˜µν)
φAφ(
−→
k ),
(114)
where Aφ(
−→
k ) has the form Aφ(
−→
k ) ≡
∣∣∣∣∣∣∣∣∣
a−+
a−−
a∗+−
a∗++
∣∣∣∣∣∣∣∣∣ ,
(p˜µ, j˜µν)
φ are given by
p˜0 = γ
0ω, p˜ℓ = γ
0kℓ, j˜ℓn = x˜ℓkn − x˜nkℓ + ŝℓn,
(115)
21
j˜0ℓ = −j˜ℓ0 = −1
2
{x˜ℓ, ω}+ γ0(˘˜sℓ ≡ ŝℓnkn
ω +m
),
(116)
and the definitions (x˜ℓ = −i∂˜ℓ, ∂˜ℓ ≡ ∂∂kℓ ), ω ≡√−→
k
2
+m2 are used.
For example, the total energy of the field φ,
instead of the expression (97) in RCQM, has the
form
P0 =
∫
d3kω
(
a∗−r (
−→
k )a−r (
−→
k )− a+r´ (
−→
k )a∗+r´ (
−→
k )
)
,
(117)
which is not positively defined. In this sense,
the FW model (whose quantum-mechanical
content is unambiguous) in fact is not the
quantum-mechanical model for the spin
s=(1/2,1/2) particle-antiparticle doublet.
Therefore, in the procedure of ”canonical
quantization” of the field φ on the basis of
anticommutation relations (98) an additional
axiom is applied in this model for the quantized
field φ̂. According to this axiom the definition
of the operators of the physical quantities
in the Fock space HF is extended by taking
them only in the form of ”normal products”
with respect to the operator amplitudes
â−r (
−→
k ), â∗−r (
−→
k ), â+r´ (
−→
k ), â∗+r´ (
−→
k ). It is easy to
verify that the operators of 10 main conserved
quantities of the ”quantized field” φ̂ in the
form of normal products coincide with the
corresponding expressions in the ”second
quantized” RCQM model of the Fermionic
doublet
: (P̂µ, Ĵµν)
φ :=
∫
d3kÂ†(
−→
k )(p˜µ, j˜µν)Â(
−→
k ),
(118)
where Â(
−→
k ) ≡
∣∣∣∣∣∣∣∣∣
â−+
â−−
â+−
â++
∣∣∣∣∣∣∣∣∣ and (p˜µ, j˜µν) are given in
(76), (77).
The Dirac model of the fermionic doublet.
Taking into account the above consideration
and using the well-known from [2] transition
operators V ±
φ→ ψ = V +φ, ψ → φ = V −ψ,
V ± ≡ ±iγ
l∂l + ω̂ +m√
2ω̂(ω̂ +m)
, (119)
we find the resulting operator
W = V +v, W−1 = vV − :
f → ψ = Wf, ψ → f =W−1ψ, (120)
WW−1 = W−1W = 1, which transforms (one-
to-one) all quantities of RCQM model into the
corresponding quantities of the Dirac model
and vice versa. For example,
W (∂0 + iω̂)W
−1 = ∂0+iHD; HD ≡ −→α ·−→p +βm.
(121)
It means that quantum-mechanical
Schro¨dinger–Foldy equation (57) (in the
anti-Hermitian form (∂0 + iω̂) f(t,−→x ) = 0) is
transformed into the Dirac equation in the
Schro¨dinger form
(∂0 + iω̂) f(t,
−→x ) = 0→
[∂0 + i(
−→α · −→p + βm)]ψ(t,−→x ) = 0. (122)
Furthermore,
W (p̂µ, ĵµν)W
−1 = (p˘µ, j˘µν)
Dirac, (123)
where
p˘0 = −iHD, p˘ℓ = ∂ℓ, j˘ℓn = xℓ∂n − xn∂ℓ + ŝℓn ≡
(124)
m̂ℓn + ŝℓn,
j˘0ℓ = t∂ℓ +
i
2
{xl, HD} = t∂ℓ − xℓp˘0 + ŝ0ℓ; (125)
ŝµν ≡ 1
4
[γµ, γν] .
Note that the generators of the local Pψ-
representation (the standard P-algebra of the
Dirac equation (122) invariance) have the form
pµ = ∂µ, jµν = xµ∂ν − xν∂µ + ŝµν . (126)
Moreover, in the manifold ψ ⊂ H3,4 of the
solutions of the Dirac equation (122), the op-
erators (126) coincide with the P I-generators
(124), (125). Therefore, the Pψ-representation
determined by the generators (124), (125) is
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called induced. As a consequence of this fact,
for example, the following equalities are valid
for the 10 main dynamical variables of the field
ψ
(pµ, jµν)→ (Pµ, Jµν)ψ ≡∫
d3xψi(pµ, jµν)ψ =
∫
d3xψi(p˘µ, j˘µν)ψ =
(127)
(Pµ, Jµν)
φ,
where the conservation laws (Pµ, Jµν)
φ are
given by formula (113) and in terms of the
amplitudes a−r (
−→
k ), a∗−r (
−→
k ), a+r´ (
−→
k ), a∗+r´ (
−→
k ) are
given by formula (114). This means that the
procedure of canonical quantization of the field
ψ is reduced to the corresponding procedure of
the field φ quantization.
Note that the P-operators (126) are the func-
tions of 14 independent ”generated” operators
xµ, ∂µ, ŝµν . Further, the P-generators (124),
(125) are the functions of 12 independent op-
erators xℓ, ∂ℓ, ŝµν . Nevertheless, only the op-
erator −→p = −∇ has the physical sense of
the quantum-mechanical Fermi doublet mo-
mentum operator among the above mentioned
14 independent operators. As proven in [2],
the operators −→x = (xℓ) and ŝµν essentially
used in the constructions (124)–(127), have no
physical sense of the quantum-mechanical op-
erators of the Fermionic doublet coordinate
and the SU(2)-spin. This fact evidently demon-
strates the validity of the assertion that the
standard Dirac local model (in the ordinary
version) is not the quantum-mechanical model of
the fermionic doublet at all.
The axioms of section 7 eventually need to be
reconciled with three levels of description used
in this paper: RCQM, FW and Dirac equations.
Nevertheless, this interesting problem cannot
be considered in few pages. The simple level
comparison of RCQM, FW and Dirac models
given above is very brief and not complete.
Only the main features are considered briefly.
The extended version will be given in next
paper. The readers of this paper can com-
pare the axioms of RCQM (section 7) with
the main principles of the Dirac model given
in B. Thaller’s monograph [31] on the high
mathematical level.
10 ON THE QUANTUM-MECHANICAL IN-
TERPRETATION OF THE DIRAC EQUATION
AND THE FOLDY SYNTHESIS
The incomplete but maximum possible
quantum-mechanical interpretation of the
Dirac equation is based on the two main
assertions. These assertions are similar to
those considered in the RCQM in sections 2–7.
The first one is about the explicit form of
the stationary complete set of operators and
their equations on eigenvectors and eigenval-
ues. The second one is the Bargman-Wigner
analysis of the representations of the Poincare´
group P , with respect to which the Dirac equa-
tion is invariant. Based on this two assertions
incomplete but maximum possible quantum-
mechanical interpretation of the Dirac equation
is given below in this section.
It is well known that ordinary group-
theoretical and quantum-mechanical interpre-
tation of the Dirac equation is not completed.
For example, the spin (110) (both in the Hermi-
tian (65)=(92) and anti-Hermitian (110) forms)
is not the spin operator in the Dirac model.
The operator (92) does not commute with the
Dirac Hamiltonian (121). This, and few other
reasons given in [2], lead to the transition in
[2] to another representation of the Dirac equa-
tion. In this canonical FW representation the
spin operator (65)=(92) commutes with the FW
Hamiltonian γ0ω̂ (104).
It follows from the above facts that the equa-
tions on eigenvectors and eigenvalues of the
spin operator sℓn ≡ i
4
[
γℓ, γn
]
(65)=(92) are
not correct in the Dirac model as well. The
well-defined spin operator for the Dirac model
is known from [2]. This nonlocal operator is
given by −→s D = −→s −
−→γ ×∇
2ω̂
+ ∇×(
−→s ×∇)
ω̂(ω̂+m)
. In [32],
we demonstrated that for the Dirac model the
equations on eigenvectors and eigenvalues of
this nonlocal spin are valid.
Thus, the possible quantum-mechanical in-
terpretation of the Dirac equation (as the
equation for the spin s=(1/2,1/2) particle-
antiparticle doublet) will be given in this sec-
tion below. After that in next sections the in-
terpretation procedure developed here will be
used to interprete the new higher spin multi-
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plet equations of covariant local field theory.
Consider first the Dirac equation on the
level of the FW representation. The opera-
tor v (102) according to transition (104) trans-
forms solution (58) of the Schro¨dinger–Foldy
equation (57) for the spin s=(1/2,1/2) particle-
antiparticle doublet into solution (112), or into
that
φ(x) =
1
(2π)
3
2
∫
d3k{e−ikx[a1(−→k )d1 + a2(−→k )d2]+
eikx[a∗3(
−→
k )d3 + a
∗4(
−→
k )d4]}, (128)
of the Dirac equation in the FW representa-
tion (104). Note that the amplitudes aα(
−→
k )
in (128) are the same as in solution f(x) =
1
(2π)
3
2
∫
d3ke−ikx[a1(
−→
k )d1 + a
2(
−→
k )d2 + a
3(
−→
k )d3 +
a4(
−→
k )d4] of the Schro¨dinger–Foldy equation
(57) and the orts {dα} of the Cartesian basis
are given by (42). Note that transformation v
(102), (104) does not change the orts {dα}.
Further, the operator V ± from (119) accord-
ing to the transformation φ → ψ = V +φ
transforms solution (128) of the FW equation
(104) into that
ψ(x) = V +φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxar(
−→
k )v−r (
−→
k ) + eikxa∗rˇ(
−→
k )v+rˇ (
−→
k )
]
, (129)
r = (1, 2), rˇ = (3, 4),
of the Dirac equation (122). The amplitudes
aα(
−→
k ) in (129) are the same as in (128) and in
the corresponding RCQM. The basis vectors are
changed and now have the form
v−1 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣
ω˜ +m
0
k3
k1 + ik2
∣∣∣∣∣∣∣∣∣ , v
−
2 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣
0
ω˜ +m
k1 − ik2
−k3
∣∣∣∣∣∣∣∣∣ ,
(130)
v+3 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣
k3
k1 + ik2
ω˜ +m
0
∣∣∣∣∣∣∣∣∣ , v
+
4 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣
k1 − ik2
−k3
0
ω˜ +m
∣∣∣∣∣∣∣∣∣ ,
where
N ≡ 1√
2ω˜(ω˜ +m)
, ω˜ ≡
√−→
k
2
+m2. (131)
Thus, the orts v±α (
−→
k ) are the standard 4-
component Dirac spinors. Their conditions of
orthonormalization and completeness are well
known, see, e. g. [33].
Note that on this step of transition from the
FW equation to the Dirac equation the appeal-
ing to the anti-Hermitian operators (99), (101)
(and corresponding equations of motion (104),
(122)) is not necessary. Therefore, contrary to
the transition from the Schro¨dinger–Foldy to
the FW equation, here the ordinary Hermitian
operators and corresponding equations can be
used
i∂0 − γ0ω̂ V
±↔ i∂0 − (−→α · −→p + βm), (132)
where the transition operator V ± is given in
(119). Nevertheless, in the direct transition W
(120)–(123) from the RCQM to the Dirac model
the anti-Hermitian operators are necessary (be-
cause they are necessary on the first step in
transition from the Schro¨dinger–Foldy to the
FW equation).
Thus, the transition from the RCQM to the
covariant local Dirac theory is better to fulfill
in two steps. (i) The transition v (102)–(104)
from the Schro¨dinger–Foldy to the FW equa-
tion, (ii) the transition from the FW to the Dirac
equation. In this step by step procedure, on the
second step the ordinary Hermitian operators
are updated.
Further, in the FW representation the spin
(65)=(92) is found from the spin (64)=(91) in
RCQM on the basis of the transformation v
(102), (103) (for the anti-Hermitian spin oper-
ators). The equations on the eigenvectors and
eigenvalues of the FW’s spin projection opera-
tor are given by
s3d1 =
1
2
d1, s
3d2 = −1
2
d2,
s3d3 =
1
2
d3, s
3d4 = −1
2
d4, (133)
of course for the Hermitian spin sℓn ≡ i
4
[
γℓ, γn
]
(65)=(92). These equations are also the conse-
quences of the equations s3d1 =
1
2
d1, s
3d2 =
24
−1
2
d2, s
3d3 = −12d3, s3d4 = 12d4 (80) in RCQM
and the transformation v (102)–(104). Note
that the direct quantum-mechanical interpre-
tation of the amplitudes aα(
−→
k ) in solution
(128) should be taken not from equations (133)
but from the corresponding above mentioned
quantum-mechanical equations (80).
The relativistic invariance of the FW equation
(104) follows from the relativistic invariance
of the Schro¨dinger–Foldy equation (57) and
the transformation v (102), (103) (for the anti-
Hermitian operators). The FW equation (104)
and the set {φ} of its solutions (128) are in-
variant with respect to the reducible unitary
fermionic representation (14) of the Poincare´
group P . The corresponding 4 × 4 matrix-
differential fermionic generators are given by
p0 = γ0ω̂ ≡ γ0
√
−∆+m2, pℓ = −i∂ℓ,
jℓn = xℓpn − xnpℓ + sℓn ≡ mℓn + sℓn, (134)
j0ℓ = −jℓ0 = x0pℓ − 1
2
γ0
{
xℓ, ω̂
}
+ γ0
(−→s ×−→p )ℓ
ω̂ +m
,
where the SU(2) spin matrices have the form
−→s = (s23, s31, s12) = sℓn = sℓn ≡ i4
[
γℓ, γn
]
(in
the anti-Hermitian form the generators (134)
are given by (108)–(110)).
The explicit form of the generators (134) is
the consequence of the transformation v (102),
(103) and generators (12), (13) with the SU(2)
spin matrices (64)=(91). Recall that the trans-
formation v (102), (103) is fulfilled only for the
anti-Hermitian operators like (108)–(110).
Not a matter of fact that generators (134) are
well-known (see, e. g., the formulae (D-64)–
(D-67) in [13]), this consideration is important
for the construction of the method of transition
from the nonlocal RCQM to the covariant local
field theory. The construction of such method
is one of the goals of this paper.
The Casimir operator for the SU(2) spin sℓn ≡
i
4
[
γℓ, γn
]
(65)=(92) has the form
−→s 2 = 3
4
I4 =
1
2
(
1
2
+ 1
)
I4, (135)
where I4 is the 4× 4 unit matrix. This operator
also can be found by the transition v (102), (103)
from the corresponding Casimir operator in the
RCQM.
It is easy to prove by the direct verification
that generators (134) commute with the opera-
tor i∂0−γ0ω̂ of the FW equation and satisfy the
commutation relations (11) of the Lie algebra
of the Poincare´ group P . The corresponding
Casimir operators are given by
p2 = pµpµ = m
2I4, (136)
W = wµwµ = m
2−→s 2 = 1
2
(
1
2
+ 1
)
m2I4, (137)
Recall that the group theoretical interpreta-
tion of the FW equation is based on equations
(133) and the explicit form of the Casimir op-
erators (136), (137). The last one is given by
the Bargman–Wigner analysis. Due to these
two facts one can come to a conclusion that
the Dirac equation in the FW representation
(104) describes the field (the fermionic spin
s=(1/2,1/2) particle-antiparticle doublet) with
the spin s=1/2 and m > 0.
Consider now the Dirac equation on the
level of standard Dirac representation. Thus,
on the basis of the FW transformation V ± (119)
from the FW equation (104) the Dirac equation
[i∂0 − (−→α · −→p + βm)]ψ(x) = 0 (138)
is obtained
V +(i∂0 − γ0ω̂)V − = i∂0 − (−→α · −→p + βm), (139)
−→α ≡ γ0−→γ , β ≡ γ0.
The well-defined spin operator for the Dirac
equation is found from the FW spin sℓn ≡
i
4
[
γℓ, γn
]
(65)=(92) on the basis of the formula
V +q̂FWV
− = q̂D, (140)
which is valid for the arbitrary operators q̂FW
and q̂D in the FW and standard Dirac rep-
resentations, respectively. Therefore, the spin
ŝD = V
+ŝFWV
− has the form
−→s D = −→s −
−→γ ×∇
2ω̂
+
∇× (−→s ×∇)
ω̂(ω̂ +m)
(141)
and satisfies the SU(2) commutation relations
(30).
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It is easy to verify that spin (141) commutes
with the operator i∂0 − (−→α · −→p + βm) of the
equation (138). Moreover, it is easy to verify
that the Dirac spinors (130) satisfy the equa-
tions on eigenvectors and eigenvalues of the
spin operator (141) in the similar to equations
(133) form
s3Dv
−
1 (
−→
k ) =
1
2
v−1 (
−→
k ), s3Dv
−
2 (
−→
k ) = −1
2
v−2 (
−→
k ),
s3Dv
+
1 (
−→
k ) =
1
2
v+1 (
−→
k ), s3Dv
+
2 (
−→
k ) = −1
2
v+2 (
−→
k ).
(142)
Furthermore, equations (142) follow from equa-
tions (133) and the transformation V ± (119).
The Dirac equation (138) and the set {ψ} of
its solutions (129) are invariant with respect
to the induced fermionic representation (14) of
the Poincare´ group P . The corresponding 4× 4
matrix-differential generators are given by
p0 = HD = −→α · −→p + βm, pℓ = −i∂ℓ,
jℓn = xℓpn − xnpℓ + sℓn ≡ mℓn + sℓn, (143)
j0ℓ = x0pℓ − 1
2
{
xℓ, HD
}
= x0pℓ − xℓp0 + s0ℓ,
whereas the SU(2) spin matrices are given by
−→s = (s23, s31, s12) = sℓn = sℓn ≡ i
4
[
γℓ, γn
]
(144)
and the matrices of the spinor L↑+ = SO(1,3)
representation of the Lorentz group have the
form
sµν ≡ i
4
[γµ, γν ] . (145)
In the set of solutions {ψ} (129) of the Dirac
equation (138), realization (143) coincides with
the covariant one
pµ = i∂µ, jµν = xµpν − xνpµ + sµν , (146)
in which the generators have the form of the
local Lie operators.
For the goals of this manuscript the impor-
tant conclusion is as follows. The realization
(143) is the direct consequence of generators
(134). Generators (143) are found from those
(134) by the FW transformation V ± (119). More-
over, generators (143) are the consequence of
the RCQM generators (12), (13) with the spin
members (64)=(91). The operator of such re-
sulting transformation is given by W (120)–
(123) and is valid only for the anti-Hermitian
operators.
It is easy to verify by the direct calculations
that both generators (143) and generators (146)
commute with the operator i∂0− (−→α · −→p + βm)
of the Dirac equation (138). Furthermore, both
sets of operators (143) and (146) satisfy the
commutation relations (11) of the Lie algebra
of the Poincare´ group P .
The results of the Casimir operators calcu-
lation for realization (143) coincide with the
calculations of the invariant operators (136),
(137). It is the consequence of the link V ±
(119) between the sets of generators (134) and
(143). For realization (146) given by the local
Lie generators, the Casimir operators have the
form
p2 = pµpµ = ∂
µ∂µI4, (147)
W = wµwµ = m
2−→s 2 = 1
2
(
1
2
+ 1
)
∂µ∂µI4. (148)
In the set of solutions {ψ} (129) of the Dirac
equation (138) (more exactly, in the set of solu-
tions of the Klein–Gordon–Fock equation) the
Casimir operators (147), (148) coincide with the
invariant operators (136), (137) for the sets of
generators (143).
The important conclusion from this section is
the group-theoretical and quantum-mechanical
interpretation of the Dirac equation. It is shown
that its relation to the spinor field (spin s =
(1/2,1/2) particle-antiparticle doublet) with the
spin s=(1/2,1/2) and m > 0 follows from equa-
tions (142) and the Bargman–Wigner analysis of
the fermionic representations (143), (146) on the
basis of the Casimir operators (136), (137) and
(147), (148), respectively. Only such incomplete
(in comparison with the interpretation given in
section 7) fermionic quantum-mechanical inter-
pretation of the Dirac equation is possible. The
important external step in this interpretation
is given in the section 9 and here. It is the
direct link between the Dirac model and the
spin s=(1/2,1/2) particle-antiparticle doublet
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RCQM, where the quantum-mechanical inter-
pretation is complete and evident.
In our papers [24–28] after the construction
of the bosonic spin s=(1,0) representations of
the Poincare´ group P , with respect to which
the Dirac equation (138) is invariant, the similar
procedure of interpretation was used. On this
basis in [24–28], the relation of the Dirac equa-
tion to the description of bosonic field (spin
s=(1,0) particle multiplet) of spins s=1, s=0 and
m > 0 was proved. Similarly to the above
given fermionic interpretation such bosonic in-
terpretation of the Dirac model is incomplete
as well. And again the important external step
in such interpretation is the direct link between
the spin s=(1,0), or spin s=(1,1), RCQM and the
corresponding Dirac, or Dirac-like equations.
This link is given in this paper below. Recal that
in the framework of corresponding RCQM the
quantum-mechanical interpretation is complete
and evident. Below in the next sections the
methods of interpretation developed here are
applied to other covariant models of higher-
spin particle-antiparticle doublets.
Second important conclusion from sections
7, 9 and this one is the evident demonstra-
tion of the link between the nonlocal RCQM
of the spin s =(1/2,1/2) particle-antiparticle
doublet and the covariant local spinor Dirac
model. In other words, in the section 9 and
here the derivation of the Dirac equation from
the RCQM Schro¨dinger–Foldy equation for the
spin s=(1/2,1/2) particle-antiparticle doublet is
given (a brief review of other methods of the
Dirac equation derivation see in [3]).
Below in similar way the Dirac-like equa-
tions for other particle-antiparticle doublets of
higher spins are derived. The start from the
corresponding models of RCQM is given as
well. Thus, here the foundations of the syn-
thesis of covariant particle equations on the
basis of the start from the RCQM are for-
mulated. Hence, the author’s small addition
to the Foldy’s synthesis of covariant particle
equations is suggested.
11 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 6-COMPONENT
SPIN S=(1,1) PARTICLE-ANTIPARTICLE
BOSONIC DOUBLET
For the bosonic spin s=(1,1) particle-antiparticle
doublet the system of two 3-component equa-
tions (27) should be used. Therefore, the corre-
sponding Schro¨dinger–Foldy equation is given
by
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
f 5
f 6
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (149)
where the pseudo-differential operator ω̂ is
given in (59)–(61). In (149), the 6-component
wave function is the direct sum of the particle
and antiparticle wave functions, whereas the
particle wave function has the form (32). Ac-
cording to the quantum-mechanical tradition
the antiparticle wave function is put into the
bottom part of the 6-column.
Therefore, the general solution of the
Schro¨dinger–Foldy equation (149) has the form
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ = 1(2π) 32
∫
d3ke−ikx
[
c1(
−→
k )d1 + c
2(
−→
k )d2 + ...+ c
5(
−→
k )d5 + c
6(
−→
k )d6
]
,
(150)
where the orts of the 6-component Cartesian
basis are given by
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
1
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
d4 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
1
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d5 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
1
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
d6 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (151)
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Hence, the space of the states in the RCQM
of the spin s=(1,1) particle-antiparticle doublet
is the rigged Hilbert space
S3,6 ⊂ H3,6 ⊂ S3,6∗, (152)
i. e. is the direct sum of two spaces (28).
Thus, in the model under consideration in-
formation about the positive and equal masses
of the particle and antiparticle is inserted. Fur-
ther, information that the observer sees the an-
tiparticle as the mirror reflection of the particle
is also inserted. Therefore, the charge of the
antiparticle should be opposite in sign to that
of the particle, and the spin projection of the
antiparticle should be opposite in sign to the
spin projection of the particle.
Therefore, according to these principles, the
corresponding SU(2)-spin generators are taken
in the form
s1 =
1√
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 0 0 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 −1 0
0 0 0 −1 0 −1
0 0 0 0 −1 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s2 =
1√
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −i 0 0 0 0
i 0 −i 0 0 0
0 i 0 0 0 0
0 0 0 0 −i 0
0 0 0 i 0 −i
0 0 0 0 i 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (153)
s3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0 0 0
0 0 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
The matrices (153) can also be presented in the
following useful form
−→s =
∣∣∣∣∣ −→s 3 00 −C−→s 3C
∣∣∣∣∣ , (154)
where the 3 × 3-matrices −→s 3 are given in (29)
and C is the operator of complex conjugation.
It is easy to verify that for the operators
(153), (154) the commutation relations
[
sj , sℓ
]
=
iεjℓnsn of the SU(2)-algebra are valid.
The Casimir operator for this reducible rep-
resentation of the SU(2)-algebra is given by
−→s 2 = 2I6 = 1 (1 + 1) I6, (155)
where I6 is the 6× 6- unit matrix.
The solution (150) is associated with the sta-
tionary complete set −→p , s3 = sz of the momen-
tum and spin projection operators of the spin
s=(1,1) bosonic particle-antiparticle doublet.
The equations on the momentum operator
eigenvalues have the form
−→p e−ikxdA = −→k e−ikxdA, A = 1, 6, (156)
and the equations on the spin projection opera-
tor s3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0 0 0
0 0 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
eigenvalues are
given by
s3d1 = d1, s
3d2 = 0, s
3d3 = −d3,
s3d4 = −d4, s3d5 = 0, s3d6 = d6. (157)
Therefore, the functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k )
in the solution (150) are the momentum-spin
amplitudes of the particle (boson) with the
momentum −→p and spin projection eigenval-
ues (+1, 0, -1), respectively, and the func-
tions c4(
−→
k ), c5(
−→
k ), c6(
−→
k ) are the momentum-
spin amplitudes of the antiparticle with the
momentum −→p and spin projection eigenvalues
(-1, 0, +1), respectively.
Note that for the bosons having charge (W∓
bosons) the stationary complete set includes
the sign charge operator and the additional
equation on eigenvectors and eigenvalues of
this operator is valid. As soon as the W+
boson is considered as the antiparticle for the
W− boson, the sign charge operator is deter-
mined in the form g = −Γ06 =
∣∣∣∣∣ −I3 00 I3
∣∣∣∣∣ .
The corresponding equations on eigenvalues
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are given by gd1 = −d1, gd2 = −d2, gd3 =
−d3, gd4 = d4, gd5 = d5, gd6 = d6. In this
case the functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k ) in the
solution (150) are the charge-momentum-spin
amplitudes of the particle (boson) with the
charge −e, momentum −→p and spin projection
eigenvalues (+1, 0, -1), respectively, and the
functions c4(
−→
k ), c5(
−→
k ), c6(
−→
k ) are the charge-
momentum-spin amplitudes of the antiparticle
with the charge +e, momentum −→p and spin
projection eigenvalues (-1, 0, +1), respectively.
The Schro¨dinger–Foldy equation (149) and
the set {f} of its solutions (150) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P .
The corresponding 6×6matrix-differential gen-
erators are given by (12), (13), whereas the spin
s=(1,1) SU(2) generators −→s = (sℓn) are given in
(153), (154).
The proof of this assertion is fulfilled by
the three steps already given in section 2 after
formula (14). The corresponding Casimir oper-
ators have the form
p2 = p̂µp̂µ = m
2I6, (158)
W = wµwµ = m
2−→s 2 = 1 (1 + 1)m2I6, (159)
where I6 is the 6× 6 unit matrix.
Hence, above a brief consideration of the
RCQM foundations of the particle-antiparticle
doublet with the mass m > 0 and the spin
s=(1,1) has been given. In the limit m=0 this
model describes the particular case of the
photon-antiphoton doublet.
12 A BRIEF SCHEME OF THE REL-
ATIVISTIC CANONICAL QUANTUM ME-
CHANICS OF THE SPIN S=(1,0) BOSONIC
MULTIPLET
In this case both partners of the multiplet are
the ordinary particles. Therefore, specification
of the antiparticle, which is the content of the
previous section, is absent. Hence, the model
of the spin s=(1,0) multiplet is constructed as
the ordinary direct sum of the spin s=1 and
spin s=0 singlets. The last one is described by
the one component Schro¨dinger–Foldy equa-
tion also called the spinless Salpeter equation
[17–19]. As shown in [24–28], this s=(1,0) multi-
plet is directly linked with the spin s=(1/2,1/2)
particle-antiparticle doublet (in particular, with
the e−e+ doublet).
Thus, the corresponding Schro¨dinger–Foldy
equation has the form
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
∣∣∣∣∣∣∣∣∣ , (160)
where the s=0 contribution is taken as the f 4
component of the column and the pseudo-
differential operator ω̂ is given in (59)–(61).
This equation is similar to that for the spin
s=(1/2,1/2) particle-antiparticle doublet, see its
consideration in sections 7, 9, 10. Therefore,
equation (160) should be considered in the
same space of the states
S3,4 ⊂ H3,4 ⊂ S3,4∗, (161)
where the Schro¨dinger–Foldy equation (57) for
the spin s=(1/2,1/2) particle-antiparticle dou-
blet is determined. Moreover, equation (160)
and the rigged Hilbert space (161) for this con-
sideration are similar to equation (37) and the
space (38) for the spin s=3/2 particle singlet.
The general solution of the Schro¨dinger–
Foldy equation (160) is given by
f(x) =
1
(2π)
3
2
∫
d3ke−ikx
[
c1(
−→
k )d1 + c
2(
−→
k )d2 + c
3(
−→
k )d3 + c
4(
−→
k )d4
]
,
(162)
where notations (9) are used. The orts of the 4-
dimensional Cartesian basis have the form (42).
The generators of the corresponding SU(2)-
spin that satisfy the commutation relations (30)
of the SU(2) algebra are given by
s1 =
1√
2
∣∣∣∣∣∣∣∣∣
0 1 0 0
1 0 1 0
0 1 0 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ ,
s2 =
1√
2
∣∣∣∣∣∣∣∣∣
0 −i 0 0
i 0 −i 0
0 i 0 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (163)
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s3 =
∣∣∣∣∣∣∣∣∣
1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ .
It is easy to verify that the commutation rela-
tions
[
sj , sℓ
]
= iεjℓnsn are valid.
The Casimir operator for this reducible rep-
resentation of the SU(2)-algebra is given by
−→s 2 = 2
∣∣∣∣∣ I3 00 0
∣∣∣∣∣ =
∣∣∣∣∣ 1(1 + 1)I3 00 0
∣∣∣∣∣ , (164)
where I3 is 3× 3 unit matrix.
The stationary complete set of operators is
given by −→p , s3 = sz The equations on the
eigenvalues of the spin projection operator s3 =∣∣∣∣∣∣∣∣∣
1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ have the form
s3d1 = d1, s
3d2 = 0,
s3d3 = −d3, s3d4 = 0. (165)
The equation on the eigenvalues of the mo-
mentum operator −→p is the same as in (79).
Interpretation of the amplitudes cα(
−→
k ) in
the solution (162) follows from equations (79)
and (165). The functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k ),
are the quantum-mechanical momentum-spin
amplitudes of the boson with the spin s=1 and
the eigenvalues of the spin projection 1, 0, −1,
respectively. The function c4(
−→
k ) is the ampli-
tude of the spinless boson.
The Schro¨dinger–Foldy equation (160) and
the set {f} of its solutions (162) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P .
The corresponding 4×4matrix-differential gen-
erators are given by (12), (13), where the spin
s=(1,0) SU(2) generators −→s = (sℓn) are given in
(163).
The proof is fulfilled similarly to that given
in section 2 after formula (14). The Casimir op-
erators of this reducible bosonic representation
of the group P have the form
p2 = p̂µp̂µ = m
2I4, (166)
W = wµwµ = m
2−→s 2 = m2
∣∣∣∣∣ 1 (1 + 1) I3 00 0
∣∣∣∣∣ ,
(167)
where I3 and I4 are the 3 × 3 and 4 × 4 unit
matrices, respectively.
Hence, above a brief consideration of the
RCQM foundations of the particle multiplet
with mass m > 0 and the spin s=(1,0) is given.
13 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 8-COMPONENT
BOSONIC SPIN S=(1,0,1,0) PARTICLE-
ANTIPARTICLE MULTIPLET
The 8-component bosonic spin s=(1,0,1,0)
particle-antiparticle multiplet is constructed as
the direct sum of the two spin s=(1,0) multi-
plets. The spin s=(1,0) multiplet was consid-
ered in the previous section. The principles
of constructing and describing such particle-
antiparticle multiplet within the framework of
the RCQM are in a complete analogy with
the principles of the describing and the con-
structing of the spin s=(1,1) particle-antiparticle
doublet considered in section 11. Therefore, the
details can be omitted.
The most important fact is that here the
link with the Dirac-like equation is sim-
ilar to that between the spin s=(1/2,1/2)
particle-antiparticle doublet and the standard
4-component Dirac equation demonstrated in
sections 9, 10. Therefore, the spin s=(1,0,1,0)
particle-antiparticle multiplet is of special inter-
est. It is much more useful than the spin s=(1,0)
particle multiplet.
Thus, the Schro¨dinger–Foldy equation has
the form
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
f 5
f 6
f 7
f 8
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (168)
where the operator ω̂ is given in (59)–(61).
The space of the states is as follows
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S3,8 ⊂ H3,8 ⊂ S3,8∗. (169)
The general solution of the Schro¨dinger–
Foldy equation (168) is given by
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ = 1(2π) 32
∫
d3ke−ikx
[
c1(
−→
k )d1 + c
2(
−→
k )d2 + ... + c
7(
−→
k )d5 + c
8(
−→
k )d6
]
,
(170)
where the orts of the 8-component Cartesian
basis have the form
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
1
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d4 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
1
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
d5 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
1
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d6 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
1
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d7 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
1
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d8 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(171)
The explicit form of the generators of the
corresponding SU(2)-spin that satisfy the com-
mutation relations (30) of the SU(2) algebra is
as follows
−→s 8 =
∣∣∣∣∣ −→s 00 −C−→s C
∣∣∣∣∣ , (172)
where CI4 is the diagonal 4× 4 operator of the
complex conjugation and components of −→s are
given in (163).
The Casimir operator is given by the follow-
ing 8× 8 diagonal matrix
−→s 2 = 2
∣∣∣∣∣∣∣∣∣
I3 0 0 0
0 0 0 0
0 0 I3 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
1(1 + 1)I3 0 0 0
0 0 0 0
0 0 1(1 + 1)I3 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (173)
where I3 is the 3× 3 unit matrix.
The stationary complete set of operators is
given by −→p , s38 = sz and the equations on the
eigenvalues of the operator s38 = sz have the
form
s38d1 = d1, s
3
8d2 = 0, s
3
8d3 = −d3, s38d4 = 0,
s38d5 = −d5, s38d6 = 0, s38d7 = d7, s38d8 = 0.
(174)
Therefore, the functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k )
in solution (170) are the momentum-spin am-
plitudes of the massive boson with the spin s=1
and the spin projection (1, 0,−1), respectively,
c4(
−→
k ) is the amplitude of the spinless boson;
c5(
−→
k ), c6(
−→
k ), c7(
−→
k ) are the momentum-spin
amplitudes of the antiparticle (antiboson) with
the spin s=1 and the spin projection (−1, 0, 1),
respectively, c8(
−→
k ) is the amplitude of the spin-
less antiboson.
The Schro¨dinger–Foldy equation (168) (and
the set {f} of its solutions (170)) is invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P ,
whose Hermitian 8× 8 matrix-differential gen-
erators are given by (12), (13), where the spin
s=(1,0,1,0) SU(2) generators −→s = (sℓn) are given
in (172).
The proof is similar to that given in section
2 after formula (14). The Casimir operators of
this reducible bosonic spin s=(1,0,1,0) represen-
tation of the group P have the form
p2 = p̂µp̂µ = m
2I8, (175)
W = wµwµ = m
2−→s 28 =
m2
∣∣∣∣∣∣∣∣∣
1 (1 + 1) I3 0 0 0
0 0 0 0
0 0 1 (1 + 1) I3 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (176)
where I8 and I3 are the 8 × 8 and 3 × 3 unit
matrices, respectively.
Thus, above the foundations of the RCQM of
the 8-component multiplet of two bosons with
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the spins s=(1,0) and their antiparticle doublet
are considered briefly. It is the basis for the
transition to the covariant local field theory of
the spin s=(1,0,1,0) particle-antiparticle multi-
plet given below.
14 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 8-COMPONENT
FERMIONIC SPIN S=(3/2,3/2) PARTICLE-
ANTIPARTICLE DOUBLET
This model is constructed in complete anal-
ogy with the RCQM of the 4-component spin
s=(1/2,1/2) particle-antiparticle doublet, which
is given in the section 7 in details. Moreover,
the principles of constructing and describing
such particle-antiparticle multiplet within the
framework of the RCQM are in a complete
analogy with the principles of the describing
and the constructing of the spin s=(1,1) particle-
antiparticle doublet considered in section 11.
The difference is only in the dimensions of the
corresponding spaces and matrices. Therefore,
the details can be omitted. The model below is
useful for the Σ-hyperon description.
The 8-component fermionic spin s=(3/2,3/2)
particle-antiparticle doublet is constructed as
the direct sum of the two spin s=3/2 singlets.
The spin s=3/2 singlet was considered in the
section 5.
The most important fact is that here the
link with the Dirac-like equation is sim-
ilar to that between the spin s=(1/2,1/2)
particle-antiparticle doublet and the standard
4-component Dirac equation demonstrated in
sections 9, 10. Therefore, the spin s=(3/2,3/2)
particle-antiparticle doublet is of special inter-
est.
The Schro¨dinger–Foldy equation and the
space of states are the same as in the previous
section and are already given in (168), (169).
The general solution of the equation (168) for
the spin s=(3/2,3/2) particle-antiparticle dou-
blet is given by
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ =
1
(2π)
3
2
∫
d3ke−ikxbA(
−→
k )dA, A = 1, 8, (177)
where the orts of the 8-component Cartesian
basis have the form (171), but the ampli-
tudes bA(
−→
k ) correspond to the spin s=(3/2,3/2)
particle-antiparticle doublet and differ from the
amplitudes cA(
−→
k ) in solution (170).
The generators of the corresponding SU(2)-
spin that satisfy the commutation relations (30)
of the SU(2) algebra are as follows
−→s 8 =
∣∣∣∣∣ −→s 00 −C−→s C
∣∣∣∣∣ , (178)
where CI4 is the diagonal 4× 4 operator of the
complex conjugation and the matrices −→s for
the single spin s=3/2 particle are given in (39).
In the explicit form the SU(2) spin operators
(178) are given by
s18 =
1
2
·∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
√
3 0 0 0 0 0 0√
3 0 2 0 0 0 0 0
0 2 0
√
3 0 0 0 0
0 0
√
3 0 0 0 0 0
0 0 0 0 0 −√3 0 0
0 0 0 0 −√3 0 −2 0
0 0 0 0 0 −2 0 −√3
0 0 0 0 0 0 −√3 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s28 =
i
2
·∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −√3 0 0 0 0 0 0√
3 0 −2 0 0 0 0 0
0 2 0 −√3 0 0 0 0
0 0
√
3 0 0 0 0 0
0 0 0 0 0 −√3 0 0
0 0 0 0
√
3 0 −2 0
0 0 0 0 0 2 0 −√3
0 0 0 0 0 0
√
3 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(179)
s38 =
1
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
3 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −3 0 0 0 0
0 0 0 0 −3 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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The Casimir operator has the form of the
following 8× 8 diagonal matrix
−→s 2 = 15
4
I8 =
3
2
(
3
2
+ 1
)
I8, (180)
where I8 is the 8× 8 unit matrix.
The stationary complete set of operators is
given by
g =
∣∣∣∣∣ −I4 00 I4
∣∣∣∣∣ , pj = −i∂j ,
s38 =
1
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
3 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −3 0 0 0 0
0 0 0 0 −3 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(181)
where g is the charge sign operator, −→p = (pj)
is the momentum operator and s38 = sz is the
operator of the spin (178) projection on the axe
z.
The equations on the eigenvalues of the op-
erators g, s38 = sz have the form
gd1 = −d1, gd2 = −d2, gd3 = −d3, gd4 = −d4,
gd5 = +d5, gd6 = +d6, gd7 = +d7, gd8 = +d8,
(182)
s38d1 =
3
2
d1, s
3
8d2 =
1
2
d2,
s38d3 = −
1
2
d3, s
3
8d4 = −
3
2
d4,
s38d5 = −
3
2
d5, s
3
8d6 = −
1
2
d6, (183)
s38d7 =
1
2
d7, s
3
8d8 =
3
2
d8.
The equations on the eigenvalues of the mo-
mentum operator −→p are similar to (156) (here
the Cartesian basis has 8 dimensions).
Therefore, the functions
b1(
−→
k ), b2(
−→
k ), b3(
−→
k ), b4(
−→
k ) in solution (177)
are the momentum-spin amplitudes of the
massive fermion with the spin s=3/2 and
the spin projection (3/2, 1/2,−1/2,−3/2),
respectively; b5(
−→
k ), b6(
−→
k ), b7(
−→
k ), b8(
−→
k )
are the momentum-spin amplitudes of the
antiparticle (antifermion) with the spin s=3/2
and the spin projection (−3/2,−1/2, 1/2, 3/2),
respectively.
In addition to the bosonic P invariance,
which was considered in the previous section,
the Schro¨dinger–Foldy equation (168) (and the
set {f} of its solutions (177)) is invariant
with respect to the reducible unitary fermionic
representation (14) of the Poincare´ group P ,
whose Hermitian 8× 8 matrix-differential gen-
erators are given by (12), (13), where the spin
s=(3/2,3/2) SU(2) generators −→s = (sℓn) are
given in (178), (179).
The proof is similar to that given in section
2 after formula (14). The Casimir operators of
this reducible fermionic spin s=(3/2,3/2) rep-
resentation of the group P have the form
p2 = p̂µp̂µ = m
2I8, (184)
W = wµwµ = m
2−→s 28 =
3
2
(
3
2
+ 1
)
m2I8, (185)
where I8 is the 8× 8 unit matrix.
Thus, above the foundations of the RCQM
of the 8-component spin s=(3/2,3/2) particle-
antiparticle doublet are considered briefly. It is
the basis for the transition to the covariant local
field theory of the spin s=(3/2,3/2) particle-
antiparticle doublet given below.
15 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 10-COMPONENT
SPIN S=(2,2) PARTICLE-ANTIPARTICLE
BOSONIC DOUBLET
This model is constructed in complete anal-
ogy with the RCQM of the 4-component spin
s=(1/2,1/2) particle-antiparticle doublet (sec-
tion 7), spin s=(1,1) particle-antiparticle dou-
blet (section 11) and spin s=(3/2,3/2) particle-
antiparticle doublet (section 14). The most close
analogy is with the model of bosonic spin
s=(1,1) particle-antiparticle doublet (section 11).
For the bosonic spin s=(2,2) particle-
antiparticle doublet the system of two 5-
component equations (46) should be used.
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Therefore, the corresponding Schro¨dinger–
Foldy equation is given by
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
f 3
f 4
f 5
f 6
f 7
f 8
f 9
f 10
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (186)
where the pseudo-differential operator ω̂ is
given in (59)–(61). In (186), the 10-component
wave function is the direct sum of the particle
and antiparticle wave functions, whereas the
particle wave function has the form (50). Ac-
cording to the quantum-mechanical tradition
the antiparticle wave function is put into the
bottom part of the 10-column.
Therefore, the general solution of the
Schro¨dinger–Foldy equation (186) has the form
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ =
1
(2π)
3
2
∫
d3ke−ikxgA(
−→
k )dA, A = 1, 10, (187)
where the orts of the 10-component Cartesian
basis are given by
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d3 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
1
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
d4 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
1
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d5 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
1
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d6 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
1
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d7 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
1
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(188)
d8 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
1
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d9 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
0
1
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d10 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
Hence, the space of the states in the RCQM
of the spin s=(2,2) particle-antiparticle doublet
is the rigged Hilbert space
S3,10 ⊂ H3,10 ⊂ S3,10∗, (189)
i. e. is the direct sum of two spaces (47).
Thus, in the model under consideration in-
formation about the positive and equal masses
of the particle and antiparticle is inserted. Fur-
ther, information that the observer sees the an-
tiparticle as the mirror reflection of the particle
is also inserted. Therefore, the charge of the
antiparticle should be opposite in sign to that
of the particle (in the case of the existence
of the charge), and the spin projection of the
antiparticle should be opposite in sign to the
spin projection of the particle.
Therefore, according to these principles (see
the sections 7, 11, 14 as well), the corresponding
SU(2)-spin generators are taken in the form
−→s 10 =
∣∣∣∣∣ −→s 5 00 −C−→s 5C
∣∣∣∣∣ , (190)
where the 5 × 5-matrices −→s 5 are given in (48)
and CI5 is 5 × 5 diagonal matrix operator of
complex conjugation.
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It is easy to verify that for the operators (190)
the commutation relations
[
sj, sℓ
]
= iεjℓnsn of
the SU(2)-algebra are valid.
In the explicit form the SU(2) spin operators
(190) are given by
s110 =
1
2
·∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 2 0 0 0 0 0 0 0 0
2 0
√
6 0 0 0 0 0 0 0
0
√
6 0
√
6 0 0 0 0 0 0
0 0
√
6 0 2 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 −2 0 −√6 0 0
0 0 0 0 0 0 −√6 0 −√6 0
0 0 0 0 0 0 0 −√6 0 −2
0 0 0 0 0 0 0 0 −2 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s2
10
=
i
2
·∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −2 0 0 0 0 0 0 0 0
2 0 −√6 0 0 0 0 0 0 0
0
√
6 0 −√6 0 0 0 0 0 0
0 0
√
6 0 −2 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 2 0 −√6 0 0
0 0 0 0 0 0
√
6 0 −√6 0
0 0 0 0 0 0 0
√
6 0 −2
0 0 0 0 0 0 0 0 2 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(191)
s310 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 0 0 −2 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
The Casimir operator for this reducible rep-
resentation of the SU(2)-algebra is given by
−→s 2 = 6I10 = 2 (2 + 1) I10, (192)
where I10 is the 10× 10 unit matrix.
The solution (187) is associated with the sta-
tionary complete set −→p , s3 = sz of the momen-
tum and spin projection operators of the spin
s=(2,2) bosonic particle-antiparticle doublet.
The equations on the momentum operator
eigenvalues have the form
−→p e−ikxdA = −→k e−ikxdA, A = 1, 10, (193)
and the equations on the spin projection oper-
ator s310 (191) eigenvalues are given by
s310d1 = 2d1, s
3
10d2 = d2, s
3
10d3 = 0, s
3
10d4 = −d4,
s310d5 = −2d5, s310d6 = −2d6, s310d7 = −d7,
(194)
s310d8 = 0, s
3
10d9 = d9, s
3
10d10 = 2d10.
Therefore, the functions
g1(
−→
k ), g2(
−→
k ), g3(
−→
k ), g4(
−→
k ), g5(
−→
k ) in the
solution (187) are the momentum-spin
amplitudes of the particle (boson) with the
momentum −→p and spin projection eigenvalues
(+2, +1, 0, -1, -2), respectively, and the functions
g6(
−→
k ), g7(
−→
k ), g8(
−→
k ), g9(
−→
k ), g10(
−→
k ) are the
momentum-spin amplitudes of the antiparticle
with the momentum −→p and spin projection
eigenvalues (-2, -1, 0, +1, +2), respectively.
The Schro¨dinger–Foldy equation (186) and
the set {f} of its solutions (187) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P .
The corresponding 10 × 10 matrix-differential
generators are given by (12), (13), whereas the
spin s=(1,1) SU(2) generators −→s = (sℓn) are
given in (190), (191).
The proof of this assertion is fulfilled by
the three steps already given in section 2 after
formula (14). The corresponding Casimir oper-
ators have the form
p2 = p̂µp̂µ = m
2I10, (195)
W = wµwµ = m
2−→s 210 = 2 (2 + 1)m2I10, (196)
where I10 is the 10× 10 unit matrix.
Hence, above a brief consideration of the
RCQM foundations of the particle-antiparticle
doublet with the mass m > 0 and the spin
s=(2,2) has been given. In the limit m=0
this model describes the partial case of the
graviton-antigraviton doublet. The hypothesis
about the massive graviton and the problems
of the gravity in general are out of this consid-
eration.
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16 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 12-COMPONENT
SPIN S=(2,0,2,0) PARTICLE-
ANTIPARTICLE BOSONIC MULTIPLET
This model is constructed in complete analogy
with the RCQM of spin s=(1,0,1,0) particle-
antiparticle multiplet (section 13). The 12-
component bosonic spin s=(2,0,2,0) particle-
antiparticle multiplet is constructed as the di-
rect sum of the two spin s=(2,0) multiplets. The
principles of constructing and describing such
particle-antiparticle multiplet within the frame-
work of the RCQM are in a complete analogy
with the principles of principles considered in
the previous sections. Therefore, the details can
be omitted.
The most important fact is that here the
link with the Dirac-like equation is sim-
ilar to that between the spin s=(1/2,1/2)
particle-antiparticle doublet and the standard
4-component Dirac equation demonstrated in
sections 9, 10. Therefore, the spin s=(2,0,2,0)
particle-antiparticle multiplet is of special inter-
est. It is much more useful than the spin s=(1,0)
or (2,0) particle multiplets.
Therefore, the corresponding Schro¨dinger–
Foldy equation is given by
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
.
.
.
f 12
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (197)
where the pseudo-differential operator ω̂ is
given in (59)–(61). In (197), the 12-component
wave function is the direct sum of the parti-
cle and antiparticle wave functions. According
to the quantum-mechanical tradition the wave
function of two antiparticles is put into the
bottom part of the 12-column.
Therefore, the general solution of the
Schro¨dinger–Foldy equation (197) has the form
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ =
1
(2π)
3
2
∫
d3ke−ikxgB(
−→
k )dB, B = 1, 12, (198)
where the orts of the 12-component Cartesian
basis are given by
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ... , d12 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(199)
Hence, the space of the states in the RCQM of
the spin s=(2,0,2,0) particle-antiparticle doublet
is the rigged Hilbert space
S3,12 ⊂ H3,12 ⊂ S3,12∗, (200)
i. e. is the direct sum of 4 corresponding spaces.
The corresponding SU(2)-spin generators are
taken in the form
−→s 12 =
∣∣∣∣∣ −→s 6 00 −C−→s 6C
∣∣∣∣∣ , (201)
where the 6× 6-matrices −→s 6 are given by
s16 =
1
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 2 0 0 0 0
2 0
√
6 0 0 0
0
√
6 0
√
6 0 0
0 0
√
6 0 2 0
0 0 0 2 0 0
0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s26 =
i
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −2 0 0 0 0
2 0 −√6 0 0 0
0
√
6 0 −√6 0 0
0 0
√
6 0 −2 0
0 0 0 2 0 0
0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (202)
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s36 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 −2 0
0 0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
and CI6 is 6 × 6 diagonal matrix operator of
complex conjugation.
It is easy to verify that for the operators (201)
the commutation relations
[
sj, sℓ
]
= iεjℓnsn of
the SU(2)-algebra are valid.
The Casimir operator for this reducible rep-
resentation of the SU(2)-algebra is given by
−→s 212 = 6
∣∣∣∣∣∣∣∣∣
I5 0 0 0
0 0 0 0
0 0 I5 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ =∣∣∣∣∣∣∣∣∣
2(2 + 1)I5 0 0 0
0 0 0 0
0 0 2(2 + 1)I5 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (203)
where I5 is the 5× 5 unit matrix.
The solution (198) is associated with the
stationary complete set −→p , s312 = sz of the
momentum and spin projection operators of
the spin s=(2,0,2,0) bosonic particle-antiparticle
multiplet.
The equations on the momentum operator
eigenvalues have the form
−→p e−ikxdB = −→k e−ikxdB, B = 1, 12, (204)
and the equations on the spin projection oper-
ator s312 (201) eigenvalues are given by
s312d1 = 2d1, s
3
12d2 = d2, s
3
12d3 = 0, s
3
12d4 = −d4,
s312d5 = −2d5, s312d6 = 0, s312d7 = −2d7, s312d8 = −d8,
(205)
s312d9 = 0, s
3
12d10 = d10, s
3
12d11 = 2d11, s
3
12d12 = 0.
Therefore, the functions
g1(
−→
k ), g2(
−→
k ), g3(
−→
k ), g4(
−→
k ), g5(
−→
k ) in the
solution (198) are the momentum-spin
amplitudes of the particle (boson) with
the momentum −→p , spin s=2 and spin
projection eigenvalues (+2, +1, 0, -1, -
2), respectively, g6(
−→
k ) is the amplitude
of the spinless boson; the functions
g7(
−→
k ), g8(
−→
k ), g9(
−→
k ), g10(
−→
k ), g11(
−→
k ) are the
momentum-spin amplitudes of the antiparticle
(antiboson) with the momentum −→p , spin s=2
and spin projection eigenvalues (-2, -1, 0, +1,
+2), respectively, g12(
−→
k ) is the amplitude of
the spinless antiboson.
The Schro¨dinger–Foldy equation (197) and
the set {f} of its solutions (198) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P .
The corresponding 12 × 12 matrix-differential
generators are given by (12), (13), whereas the
spin s=(2,0,2,0) SU(2) generators −→s = (sℓn) are
given in (201).
The proof of this assertion is fulfilled by
the three steps already given in section 2 after
formula (14). The corresponding Casimir oper-
ators have the form
p2 = p̂µp̂µ = m
2I12, (206)
W = wµwµ = m
2−→s 212 =
m2
∣∣∣∣∣∣∣∣∣
2 (2 + 1) I5 0 0 0
0 0 0 0
0 0 2 (2 + 1) I5 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (207)
where I12 and I5 are the 12× 12 and 5× 5 unit
matrices, respectively.
Hence, above a brief consideration of the
RCQM foundations of the particle-antiparticle
multiplet with the mass m > 0 and the spin
s=(2,0,2,0) has been given. In the limit m=0 this
model describes the partial case of correspond-
ing massless particle-antiparticle multiplet.
17 A BRIEF SCHEME OF THE
RELATIVISTIC CANONICAL QUANTUM
MECHANICS OF THE 16-COMPONENT
BOSONIC SPIN S=(2,1,2,1) PARTICLE-
ANTIPARTICLE MULTIPLET
The 16-component bosonic spin s=(2,1,2,1)
particle-antiparticle multiplet is constructed as
the direct sum of the two spin s=(2,1) mul-
tiplets. The principles of constructing and
describing such particle-antiparticle multiplet
within the framework of the RCQM are in a
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complete analogy with the principles of princi-
ples considered in the previous sections. There-
fore, the details can be omitted.
The most important fact is that here the
link with the Dirac-like equation is sim-
ilar to that between the spin s=(1/2,1/2)
particle-antiparticle doublet and the standard
4-component Dirac equation demonstrated in
sections 9, 10. Therefore, the spin s=(2,1,2,1)
particle-antiparticle multiplet is of special inter-
est. It is much more useful than the spin s=(1,0),
(2,0), (2,1) particle multiplets.
Thus, the Schro¨dinger–Foldy equation has
the form
(i∂0 − ω̂)f(x) = 0, f =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f 1
f 2
.
.
.
f 16
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (208)
where the operator ω̂ is given in (59)–(61).
The space of the states is given by
S3,16 ⊂ H3,16 ⊂ S3,16∗. (209)
The general solution of the Schro¨dinger–
Foldy equation (208) is given by
f(x) =
∣∣∣∣∣ fpartfantipart
∣∣∣∣∣ =
1
(2π)
3
2
∫
d3ke−ikxbA˜(
−→
k )d
A˜
, A˜ = 1, 16, (210)
where the orts of the 16-component Cartesian
basis have the form
d1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, d2 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, ... , d16 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(211)
The explicit form of the generators of the
corresponding SU(2)-spin that satisfy the com-
mutation relations (30) of the SU(2) algebra is
as follows
−→s 16 =
∣∣∣∣∣ −→s 8 00 −C−→s 8C
∣∣∣∣∣ , (212)
where the 8× 8-matrices −→s 8 are given by
s18 =
1√
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
√
2 0 0 0 0 0 0√
2 0
√
3 0 0 0 0 0
0
√
3 0
√
3 0 0 0 0
0 0
√
3 0
√
2 0 0 0
0 0 0
√
2 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s
2
8
=
i
√
2
∣∣∣∣∣∣∣∣∣∣
0 −
√
2 0 0 0 0 0 0√
2 0 −
√
3 0 0 0 0 0
0
√
3 0 −
√
3 0 0 0 0
0 0
√
3 0 −
√
2 0 0 0
0 0 0
√
2 0 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 1 0 −1
0 0 0 0 0 0 1 0
∣∣∣∣∣∣∣∣∣∣
, (213)
s38 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 −2 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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and CI8 is 8 × 8 diagonal matrix operator of
complex conjugation.
The Casimir operator is given by the follow-
ing 16× 16 diagonal matrix
−→s 216 =
∣∣∣∣∣∣∣∣∣
6I5 0 0 0
0 2I3 0 0
0 0 6I5 0
0 0 0 2I3
∣∣∣∣∣∣∣∣∣ , (214)
where I5 and I3 are 5×5 and 3×3 unit matrices,
respectively.
The stationary complete set of operators is
given by −→p , s316 = sz and the equations on the
eigenvalues of the operators −→p and s316 = sz
have the form
−→p e−ikxd
A˜
=
−→
k e−ikxd
A˜
, A˜ = 1, 16, (215)
s316d1 = 2d1, s
3
16d2 = d2, s
3
16d3 = 0, s
3
16d4 = −d4,
s316d5 = −2d5, s316d6 = d6, s316d7 = 0, s316d8 = −d8.
(216)
s3
16
d9 = −2d9, s316d10 = −d10, s316d11 = 0, s316d12 = d12,
s3
16
d13 = 2d13, s
3
16
d14 = −d14, s316d15 = 0, s316d16 = d16.
Therefore, the functions b1(
−→
k ) − b5(−→k ) in
solution (210) are the momentum-spin am-
plitudes of the massive boson with the spin
s=2 and the eigenvalues of the spin projection
(2, 1, 0,−1,−2), respectively, b6(−→k )− b8(−→k ) are
the amplitudes of the massive boson with the
spin s=1 and the eigenvalues of the spin pro-
jection (1, 0,−1), respectively,; b9(−→k ) − b13(−→k )
in solution (210) are the momentum-spin am-
plitudes of the massive antiboson with the spin
s=2 and the eigenvalues of the spin projection
(−2,−1, 0, 1, 2), respectively, b14(−→k )−b16(−→k ) are
the amplitudes of the massive antiboson with
the spin s=1 and the eigenvalues of the spin
projection (−1, 0, 1), respectively.
The Schro¨dinger–Foldy equation (208) (and
the set {f} of its solutions (210)) is invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P ,
whose Hermitian 16 × 16 matrix-differential
generators are given by (12), (13), where the
spin s=(2,1,2,1) SU(2) generators −→s 16 = (sℓn16)
are given in (212).
The proof is similar to that given in section
2 after formula (14). The Casimir operators of
this reducible bosonic spin s=(2,1,2,1) represen-
tation of the group P have the form
p2 = p̂µp̂µ = m
2I16, (217)
W = wµwµ = m
2−→s 28 =
m2
∣∣∣∣∣∣∣∣
2 (2 + 1) I5 0 0 0
0 1 (1 + 1) I3 0 0
0 0 2 (2 + 1) I5 0
0 0 0 1 (1 + 1) I3
∣∣∣∣∣∣∣∣ ,
(218)
where I16, I5 and I3 are 16× 16, 5× 5 and 3× 3
unit matrices, respectively.
Thus, above the foundations of the RCQM of
the 16-component multiplet of two bosons with
the spins s=(2,1) and their antiparticle doublet
are considered briefly. It is the basis for the
transition to the covariant local field theory of
the spin s=(2,1,2,1) particle-antiparticle multi-
plet given below.
18 ON THE RELATIVISTIC CANONICAL
QUANTUM MECHANICS OF THE ARBI-
TRARY MASS AND SPIN PARTICLE MUL-
TIPLETS
Taking into account the step by step considera-
tion of the different partial examples, which are
given in the sections 7–17, the generalization
for the particle multiplet of arbitrary spin can
be formulated.
The theory is completely similar to the given
in section 2, where the RCQM of the particle
singlet of arbitrary spin is presented. The spec-
ification is only in application of the reducible
representation of the SU(2) and the Poincare´ P
groups.
Furthermore, the simple particle multiplets
are constructed as the ordinary direct sum
of the corresponding particle characteristics.
The particle-antiparticle doublets and multi-
plets are constructed as the specific direct sum
of the particle and antiparticle characteristics,
in which the antiparticle is considered as the
mirror reflection of the particle and the infor-
mation about equal and positive masses of the
particle and antiparticle is inserted. Therefore,
and according to the Pauli principle, the third
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component of the antiparticle spin has the
opposite sign to the third component of the
particle spin. The partial examples are given in
the formulae (64), (91), (153), (154), (172), (178),
(179), (190), (191), (201), (212).
19 ON THE TRANSITION TO THE NON-
RELATIVISTIC CANONICAL QUANTUM ME-
CHANICS OF THE ARBITRARY MASS AND
SPIN
In the nonrelativistic limit the Schro¨dinger–
Foldy equation (3) is transformed into the or-
dinary Schro¨dinger equation(
i∂0 −
−→p 2
2m
)
ψ(x) = 0, (219)
for the N-component wave function
ψ ≡ column(ψ1, ψ2, ..., ψN), N = 2s + 1. (220)
Each of the above considered equations of
the RCQM (2-, 3-, 4-, 5-, 6-, 8-, 10-, 12-, 16-
component) is transformed into the equation
(219) with the corresponding number of the
components.
Moreover, here the SU(2) spin operator is
the same as in the RCQM and is given by the
formulae (7). Therefore, here as in the RCQM,
the SU(2) generators for the spin s=1/2 are
given in (19), (20), for the spin s=1 in (29), for
the spin s=1 in (29), for the spin s=3/2 in (39),
for the spin s=2 in (48), e.t.c. for the multiplet
SU(2) spins.
Therefore, the equation (219) is invariant
with respect to same representations of the
SU(2) group, with respect to which the rela-
tivistic equation (3) is invariant. The difference
is in the application of the Galilean group and
its representations instead of the Poincare´ P
group and its representations.
For the models with interaction it is much
more easier to solve the equation (219) with
interaction potential V (x) instead of pseudo-
differential equation (3). Moreover, the solu-
tions of the equation (219) with interaction can
be useful for the obtaining of the corresponding
solutions of the equation (3).
Thus, the equation (219) can be useful not
only itself but for the different approximations
of the relativistic equation (3) as well.
20 TRANSITION FROM THE NONLOCAL
RELATIVISTIC CANONICAL QUANTUM ME-
CHANICS TO THE COVARIANT LOCAL
RELATIVISTIC FIELD THEORY
The above formulated RCQM has the inde-
pendent meaning as the useful model for the
elementary particle physics. However, another
application of the RCQM model has the im-
portant meaning as well. Each model of the
quantum-mechanical particle singlet or multi-
plet considered above can be formulated also in
the framework of the covariant local relativistic
field theory. Moreover, it is not difficult to find
the link between the RCQM and the covariant
local relativistic field theory. For the partial case
of spin s=(1/2,1/2) particle-antiparticle doublet
such link is already given by 4 × 4 matrix-
differential operators v (102) multiply on V
(119), or resulting W (120)–(123). Below for the
case of higher spins doublets and multiplets the
corresponding 6×6, 8×8, 10×10, 12×12, 16×16
transition operators are found. Therefore, be-
low the relationship between the Schro¨dinger–
Foldy equations (168) (and eq. (168) for the spin
s=3/2), (197), (208) for different multiplets and
the Dirac equation (or the Dirac-like equations)
for these multiplets is introduced.
Thus, below the method of derivation of the
different equations of the covariant local rela-
tivistic field theory is suggested. The start of
such derivation is given from the correspond-
ing Schro¨dinger–Foldy equations of RCQM.
Note that derivation of the covariant particle
equations from the equations in the FW repre-
sentation (the so-called Foldy synthesis [13]) is
well known. Here the new possibilities to fulfill
the derivation of the covariant particle equa-
tions starting from the RCQM are open. The
new covariant equations of the local relativistic
field theory for the spin s=(3/2,3/2), s=(1,0,1,0),
s=(2,0,2,0), s=(2,1,2,1) particle-antiparticle dou-
blets and multiplets are found here by this
method. The new equations for the spin s=(1,1)
and s=(2,2) particle-antiparticle doublets in the
FW representation are introduced as well.
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These results are presented in the next sec-
tions.
21 FIELD EQUATION FOR THE 6-
COMPONENT SPIN S=(1,1) PARTICLE-
ANTIPARTICLE DOUBLET
The RCQM of the spin s=(1,1) particle-
antiparticle doublet is considered in section
11. Transition to the canonical field theory is
fulfilled in a complete analogy with the method
suggested in [3, 14] (see also sections 9, 10
here). The difference is only in the explicit
form of the transition operator, which is now
given by the 6 × 6 diagonal matrix with the
3 × 3 operator of the complex conjugation in
the bottom part.
Thus, the Schro¨dinger–Foldy equation (149)
and its solution (150) are linked with the canon-
ical field theory equation
(i∂0 − Γ06ω̂)φ(x) = 0, Γ06 =
∣∣∣∣∣ I3 00 −I3
∣∣∣∣∣ , (221)
ω̂ ≡
√
−∆+m2,
and its solution
φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxcℓ(
−→
k )dℓ + e
ikxc∗ℓ˘(
−→
k )dℓ˘
]
,
(222)
ℓ = 1, 2, 3, ℓ˘ = 4, 5, 6,
with the help of the following operator
v6 =
∣∣∣∣∣ I3 00 CI3
∣∣∣∣∣ , v−16 = v†6 = v6, v6v6 = I6,
(223)
where the Cartesian orts (dℓ, dℓ˘) are given in
(151), C is the operator of the complex conju-
gation and I3 is the 3× 3 unit matrix.
The operator v6 (223) transforms an arbitrary
operator qˆqm of the 6-component RCQM into
the corresponding operator qˆcf of the canonical
field theory and vice versa:
v6qˆ
anti−Herm
qm v6 = qˆ
anti−Herm
cf , (224)
v6qˆ
anti−Herm
cf v6 = qˆ
anti−Herm
qm , (225)
where the operators qˆqm and qˆcf must be taken
in the anti-Hermitian form. The corresponding
link between solutions (150) and (222) is as
follows
φ = v6f, f = v6φ. (226)
Note that formulae (224), (225) are valid for
the anti-Hermitian (prime) operators only. For
the goals stated in our previous papers [24–
28], we often use the operators in the anti-
Hermitian form (see also the comments in sec-
tion 9). The mathematical correctness of such
choice and the physical interpretation are ex-
plained in the books [29, 30]. Return to the
Hermitian operators is very easy.
The important examples of the transitions
(224), (225) are the transformations of the op-
erators of equations (149), (221)
v6(∂0 + iω̂)v6 = ∂0 + iΓ
0
6ω̂, (227)
v6(∂0 + iΓ
0
6ω̂)v6 = ∂0 + iω̂, (228)
and of the SU(2) spin operators. The spin oper-
ators of the canonical field theory found from
the RCQM SU(2) spin (153) on the basis of the
transformation (223) satisfy the commutation
relations (30) and have the following form
−→s =
∣∣∣∣∣ −→s 3 00 −→s 3
∣∣∣∣∣ , (229)
where the 3 × 3 spin s=1 SU(2) generators
are denoted as −→s 3 and are given in (29). The
corresponding Casimir operator is given by
−→s 2 = 2I6 = 1(1 + 1)I6. (230)
where I6 is the 6× 6- unit matrix.
The stationary complete set of operators is
given by the operators −→p , s3 = sz of the
momentum and spin projection. The equations
on the eigenvectors and eigenvalues of the
operators −→p and s3 = sz from (229) have the
form
−→p e−ikxdℓ = −→k e−ikxdℓ, ℓ = 1, 2, 3,
−→p eikxdℓ˘ = −
−→
k eikxdℓ˘, ℓ˘ = 4, 5, 6,
s3d1 = d1, s
3d2 = 0, s
3d3 = −d3, (231)
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s3d4 = d4, s
3d5 = 0, s
3d6 = −d6,
and determine the interpretation of the am-
plitudes in the general solution (222). Note
that the direct quantum-mechanical interpreta-
tion of the amplitudes cℓ(
−→
k ), c∗ℓ˘(
−→
k ) in solu-
tion (222) should be taken from the quantum-
mechanical equations (156), (157) and is given
in section 11.
The relativistic invariance of the canonical
field equation (221) follows from the corre-
sponding invariance of the Schro¨dinger–Foldy
equation (149) and transformation (223)–(226)
(for the anti-Hermitian operators). The explicit
form of the corresponding generators follows
from of the explicit form the generators (12),
(13) with the spin matrices (153), (154) and
transformation (223)–(225).
Thus, the canonical field equation (221) and
the set {φ} of its solutions (222) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P ,
whose Hermitian 6× 6 matrix-differential gen-
erators are given by
p̂0 = Γ06ω̂ ≡ Γ06
√
−∆+m2, p̂ℓ = −i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sℓn ≡ m̂ℓn + sℓn, (232)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ − 1
2
Γ06
{
xℓ, ω̂
}
+ Γ06
(−→s ×−→p )ℓ
ω̂ +m
,
(233)
where the spin s=(1,1) SU(2) generators −→s =
(sℓn) have the form (229).
It is easy to prove by the direct verification
that generators (232), (233) commute with the
operator (i∂0−Γ06ω̂) of the canonical field equa-
tion (221) and satisfy the commutation relations
(11) of the Lie algebra of the Poincare´ group P .
The corresponding Casimir operators are
given by
p2 = p̂µp̂µ = m
2I6, (234)
W = wµwµ = m
2−→s 2 = 1 (1 + 1)m2I6, (235)
where I6 is the 6 × 6 unit matrix. Note that
the difference between the Casimir operators
(234), (235) and the corresponding expressions
in RCQM, see the formulae (158), (159) above,
is only in the explicit form of the operator −→s .
Thus, due to the eigenvalues in equations
(231), positive and negative frequencies form
of the solution (222) and the Bargman–Wigner
analysis of the Casimir operators (234), (235),
one can come to a conclusion that equation
(221) describes the canonical field (the bosonic
particle-antiparticle doublet) with the spins
s=(1,1) and m > 0. Transition to the m = 0
limit leads to the canonical field equation for
the photon-antiphoton field.
Final transition to the covariant local field
theory in the case of this 6-component dou-
blet contains the specific features and is the
subject of next publication. The result is the
6-component complex Maxwell-like equation
for the spin s=(1,1) and m > 0 classical field.
In the case of m = 0 the system of the 6-
component complex equations for the electro-
magnetic field is found, which, after quanti-
zation, describes the photon and antiphoton
states. Nevertheless, below in section 23 the
corresponding equation, which follows from
the RCQM of spin s=(1,1) particle antiparticle
doublet, is found as the partial case of mani-
festly covariant equation for the spin s=(1,0,1,0)
multiplet.
22 COVARIANT FIELD EQUATION FOR
THE 8-COMPONENT SPIN S=(1,0,1,0)
BOSONIC PARTICLE-ANTIPARTICLE MUL-
TIPLET
In this section, the field model of the spin
s=(1,0) bosonic multiplet and the correspond-
ing spin s=(1,0) antiparticle multiplet is con-
structed. At first, when the canonical field
equation is derived, the complete analogy with
the case of the spin s=(1,1) model of the pre-
vious section is used. Further, the covariant
local field equation for the spin s=(1,0,1,0)
bosonic particle-antiparticle multiplet is intro-
duced. The analogy in the beginning of this
consideration with the previous section en-
abled me to omit some details.
The start of this derivation is given in sec-
tion 13, where the RCQM of the 8-component
bosonic spin s=(1,0,1,0) particle-antiparticle
multiplet is considered. The second step is the
transition from the Schro¨dinger–Foldy equation
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(168) to the canonical field equation. This step,
as shown in previous section, is possible only
for the anti-Hermitian form of the operators.
Nevertheless, the resulting operators can be
chosen in the standard Hermitian form and do
not contain the operator C of complex conju-
gation. The last step of the transition from the
canonical field equation to the covariant local
field equation is fulfilled in analogy with the
FW transformation (119).
Thus, the corresponding canonical field
equation is found in the form
(i∂0 − Γ08ω̂)φ(x) = 0, φ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ1
φ2
φ3
φ4
φ5
φ6
φ7
φ8
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (236)
where
ω̂ ≡
√
−∆+m2,
Γ08 =
∣∣∣∣∣ I4 00 −I4
∣∣∣∣∣ , I4 =
∣∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
∣∣∣∣∣∣∣∣∣ . (237)
The general solution of equation (236) is
given by
φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxcA(
−→
k )dA + e
ikxc∗B(
−→
k )dB
]
, (238)
where A = 1, 4, B = 5, 8 and the orts of the 8-
component Cartesian basis are given in (171).
The transition from the Schro¨dinger–Foldy
equation (168) and its solution (170) to equation
(236) and solution (238) is given by the operator
v8 =
∣∣∣∣∣ I4 00 CI4
∣∣∣∣∣ , v−18 = v†8 = v8, v8v8 = I8,
(239)
φ = v8f, f = v8φ, (240)
v8qˆ
anti−Herm
qm v8 = qˆ
anti−Herm
cf , (241)
v8qˆ
anti−Herm
cf v8 = qˆ
anti−Herm
qm . (242)
Here qˆanti−Hermqm is an arbitrary operator from the
RCQM of the 8-component particle-antiparticle
doublet in the anti-Hermitian form, e. g., the
operator (∂0 + iω̂) of equation of motion, the
operator of spin (172), etc., qˆanti−Hermcf is an arbi-
trary operator from the canonical field theory
of the 8-component particle-antiparticle dou-
blet in the anti-Hermitian form, CI4 is the 4×4
operator of complex conjugation.
The SU(2) spin operators, which satisfy the
commutation relations (30) and commute with
the operator (i∂0 − Γ08ω̂) of the equation of
motion (98), are derived from the RCQM op-
erators (172) on the basis of transformations
(239), (241), (242). These canonical field spin
operators are given by
−→s 8 =
∣∣∣∣∣ −→s 00 −→s
∣∣∣∣∣ , (243)
where the 4×4 operators −→s are given in (163).
The corresponding Casimir operator is given
by the 8 × 8 diagonal matrix (173). Note that
this Casimir operator is the same both for the
spin (172) and for the spin (243).
The stationary complete set of operators is
given by the operators −→p , s38 = sz of the
momentum and spin projection. The equations
on the eigenvectors and eigenvalues of the spin
projection operator s38 = sz from (243) have the
form
s38d1 = d1, s
3
8d2 = 0, s
3
8d3 = −d3, s38d4 = 0,
s38d5 = d5, s
3
8d6 = 0, s
3
8d7 = −d7, s38d8 = 0.
(244)
Therefore, the functions c1(
−→
k ), c2(
−→
k ), c3(
−→
k )
in solution (238) are the momentum-spin am-
plitudes of the massive boson with the spin s=1
and the spin projection (1, 0,−1), respectively,
c4(
−→
k ) is the amplitude of the spinless boson;
c5(
−→
k ), c6(
−→
k ), c7(
−→
k ) are the momentum-spin
amplitudes of the antiparticle (antiboson) with
the spin s=1 and the spin projection (1, 0,−1),
respectively, c8(
−→
k ) is the amplitude of the spin-
less antiboson.
Note that direct quantum-mechanical inter-
pretation of the amplitudes in solution (238)
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should be given in the framework of the
RCQM. Such interpretation is already given in
section 13 in paragraph after equations (174).
The generators of the reducible unitary
bosonic spin s=(1,0,1,0) multiplet representa-
tion of the Poincare´ group P , with respect to
which the canonical field equation (236) and
the set {φ} of its solutions (238) are invariant,
are derived from the RCQM set of generators
(12), (13) with the spin (172) on the basis of
the transformations (239), (241), (242). These
Hermitian 8 × 8 matrix-differential generators
are given by
p̂0 = Γ08ω̂ ≡ Γ08
√
−∆+m2, p̂ℓ = −i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sℓn8 ≡ m̂ℓn + sℓn8 , (245)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ− 1
2
Γ08
{
xℓ, ω̂
}
+Γ08
(−→s 8 ×−→p )ℓ
ω̂ +m
,
(246)
where the spin s=(1,0,1,0) SU(2) generators−→s 8 = (sℓn8 ) have the form (243).
It is easy to prove by the direct verification
that the generators (245), (246) commute with
the operator (i∂0 − Γ08ω̂) of the canonical field
equation (236) and satisfy the commutation
relations (11) of the Lie algebra of the Poincare´
group P . The Casimir operators for the repre-
sentation (245), (246) are given by
p2 = p̂µp̂µ = m
2I8, (247)
W = wµwµ = m
2−→s 28 =
m2
∣∣∣∣∣∣∣∣∣
1 (1 + 1) I3 0 0 0
0 0 0 0
0 0 1 (1 + 1) I3 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (248)
where I8 and I3 are 8×8 and 3×3 unit matrices,
respectively.
Thus, due to the eigenvalues in equations
(244), positive and negative frequencies form of
solution (238) and the Bargman–Wigner anal-
ysis of the Casimir operators (247), (248) one
can come to a conclusion that equation (244)
describes the 8-component canonical field (the
bosonic particle-antiparticle doublet) with the
spins s=(1,0,1,0) and m > 0. Transition to
the m = 0 limit leads to the canonical field
equation for the 8-component (photon massless
spinless boson)-(antiphoton- masslees spinless
antiboson) field.
The operator of the transition to the covari-
ant local field theory representation (the 8 × 8
analogy of the 4×4 FW transformation operator
(119)) is given by
V ∓ =
∓−→Γ 8 · −→p + ω̂ +m√
2ω̂(ω̂ +m)
, V − = (V +)†, (249)
V −V + = V +V − = I8,
ψ = V −φ, φ = V +ψ, (250)
qˆD = V
−qˆCFV
+, qˆCF = V
+qˆDV
−, (251)
where qˆD is an arbitrary operator (both in the
Hermitian and anti-Hermitian form) in the co-
variant local field theory representation. The
inverse transformation is valid as well.
Thus, on the basis of transformation (249)–
(251) the 8-component Dirac-like equation is
found from the canonical field equation (236)
in the form
[
i∂0 − Γ08(−→Γ 8 · −→p +m)
]
ψ(x) = 0. (252)
In formula (249) and in equation (252) the Γµ8
matrices are given by
Γ08 =
∣∣∣∣∣ I4 00 −I4
∣∣∣∣∣ , Γj8 =
∣∣∣∣∣ 0 Σj−Σj 0
∣∣∣∣∣ , (253)
where Σj are the 4× 4 Pauli matrices
Σj =
∣∣∣∣∣ σj 00 σj
∣∣∣∣∣ , (254)
and σj are the standard 2 × 2 Pauli matrices
(20).
The matrices Σj satisfy the similar commu-
tation relations as the 2× 2 Pauli matrices (20)
and have other similar properties. The matrices
Γµ8 (253) satisfy the anticommutation relations
of the Clifford–Dirac algebra in the form
Γµ8Γ
ν
8 + Γ
ν
8Γ
µ
8 = 2g
µν . (255)
It is evident that equation (252) is not the
ordinary direct sum of the two Dirac equations.
Therefore, it is not the complex Dirac–Kahler
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equation [34]. Moreover, it is not the standard
Dirac–Kahler equation [35].
The solution of equation (252) is derived
from solution (238) of this equation in the
canonical representation (236) on the basis of
transformation (249), (250) and is given by
ψ(x) = V −φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxcA(
−→
k )v−A(
−→
k ) + eikxc∗B(
−→
k )v+B(
−→
k )
]
,
(256)
where A = 1, 4, B = 5, 8 and the 8-component
spinors (v−A(
−→
k ), v+B(
−→
k )) are given by
v−1 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω˜ +m
0
0
0
k3
k1 + ik2
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−2 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
ω˜ +m
0
0
k1 − ik2
−k3
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v−3 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
ω˜ +m
0
0
0
k3
k1 + ik2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−4 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
ω˜ +m
0
0
k1 − ik2
−k3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v+5 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k3
k1 + ik2
0
0
ω˜ +m
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+6 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k1 − ik2
−k3
0
0
0
ω˜ +m
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(257)
v+7 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k3
k1 + ik2
0
0
ω˜ +m
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+8 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k1 − ik2
−k3
0
0
0
ω˜ +m
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where
N ≡ 1√
2ω˜(ω˜ +m)
, ω˜ ≡
√−→
k
2
+m2. (258)
The spinors (257) are derived from the
orts {dα} of the Cartesian basis (171) with
the help of the transformation (249), (250).
The spinors (257) satisfy the relations of
the orthonormalization and completeness sim-
ilar to the corresponding relations for the
standard 4-component Dirac spinors, see, e.
g., [33]. In the covariant local field theory,
the operators of the SU(2) spin, which sat-
isfy the corresponding commutation relations[
sj8D, s
ℓ
8D
]
= iεjℓnsn8D and commute with the op-
erator
[
i∂0 − Γ08(−→Γ 8 · −→p +m)
]
of equation (252),
are derived from the pure matrix operators
(243) with the help of operator (249), (251). The
explicit form of these SU(2) generators is given
by
s18D =
1
2
√
2ω̂Ω
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 13 14 15 16 17 18
21 22 23 24 25 26 27 28
31 32 33 34 35 36 37 38
41 42 43 44 45 46 47 48
51 52 53 54 55 56 57 58
61 62 63 64 65 66 67 68
71 72 73 74 75 76 77 78
81 82 83 84 85 86 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(259)
where the matrix elements have the form
11 = 2p13, 12 = 2p1z∗mΩ, 13 = p3z∗, 14 = z∗2,
15 = 2ip2Ω, 16 = −2p3Ω, 17 = −zΩ, 18 = 0,
21 = 2p1zmΩ, 22 = −2p13, 23 = Ω2 − p33,
24 = −p3z∗,
25 = 2p3Ω, 26 = −2ip2Ω, 27 = 2p3Ω, 28 = z∗Ω,
31 = p3z, 32 = Ω2 − p33, 33 = 0, 34 = 0,
35 = zΩ, 36 = −2p3Ω, 37 = 0, 38 = 0,
41 = z2, 42 = −p3z, 43 = 0, 44 = 0,
45 = 0, 46 = −zΩ, 47 = 0, 48 = 0,
51 = −2ip2Ω, 52 = 2p3Ω, 53 = z∗Ω, 54 = 0
45
55 = 2p13, 56 = 2p1z∗mΩ, 57 = p3z∗, 58 = z∗2,
61 = −2p3Ω, 62 = 2ip2Ω, 63 = −2p3Ω,
64 = −z∗Ω,
65 = 2p1zmΩ, 66 = −2p13, 67 = Ω2 − p33,
68 = −p3z∗,
71 = −zΩ, 72 = 2p3Ω, 73 = 0, 74 = 0,
75 = p3z, 76 = Ω2 − p33, 77 = 0, 78 = 0,
81 = 0, 82 = zΩ, 83 = 0, 84 = 0,
85 = z2, 86 = −p3z, 87 = 0, 88 = 0,
s28D =
i
2
√
2ω̂Ω
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 13 14 15 16 17 18
21 22 23 24 25 26 27 28
31 32 33 34 35 36 37 38
41 42 43 44 45 46 47 48
51 52 53 54 55 56 57 58
61 62 63 64 65 66 67 68
71 72 73 74 75 76 77 78
81 82 83 84 85 86 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(260)
where the matrix elements are given by
11 = −2ip33, 12 = −2p3z∗mΩ, 13 = −p3z∗,
14 = −z∗2,
15 = −2p1Ω, 16 = 2p3Ω, 17 = z∗Ω, 18 = 0
21 = 2p2zmΩ, 22 = 2ip23, 23 = −Ω2 + p33,
24 = p3z∗,
25 = 2p3Ω, 26 = 2p1Ω, 27 = −2p3Ω, 28 = −z∗Ω,
31 = p3z, 32 = Ω2 − p33, 33 = 0, 34 = 0,
35 = zΩ, 36 = −2p3Ω, 37 = 0, 38 = 0,
41 = z2, 42 = −p3z, 43 = 0, 44 = 0,
45 = 0, 46 = −zΩ, 47 = 0, 48 = 0,
51 = 2p1Ω, 52 = −2p3Ω, 53 = −z∗Ω, 54 = 0,
55 = −2ip23, 56 = −2p2z∗mΩ, 57 = −p3z∗,
58 = −z∗2,
61 = −2p3Ω, 62 = −2p1Ω, 63 = 2p3Ω, 64 = z∗Ω,
65 = 2p2zmΩ, 66 = 2ip23, 67 = −Ω2 + p33,
68 = p3z∗,
71 = −zΩ, 72 = 2p3Ω, 73 = 0, 74 = 0,
75 = p3z, 76 = Ω2 − p33, 77 = 0, 78 = 0,
81 = 0, 82 = zΩ, 83 = 0, 84 = 0,
85 = z2, 86 = −p3z, 87 = 0, 88 = 0,
s38D =
1
2ω̂Ω
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 13 14 15 16 17 18
21 22 23 24 25 26 27 28
31 32 33 34 35 36 37 38
41 42 43 44 45 46 47 48
51 52 53 54 55 56 57 58
61 62 63 64 65 66 67 68
71 72 73 74 75 76 77 78
81 82 83 84 85 86 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(261)
where the matrix elements have the form
11 = Ω2 + p33, 12 = p3z∗, 13 = 0, 14 = 0,
15 = 0, 16 = z∗Ω, 17 = 0, 18 = 0,
21 = p3z, 22 = p11 + p22, 23 = 0, 24 = 0,
25 = −zΩ, 26 = 0, 27 = 0, 28 = 0,
31 = 0, 32 = 0, 33 = −Ω2 − p33, 34 = −p3z∗,
35 = 0, 36 = 0, 37 = 0, 38 = −z∗Ω,
41 = 0, 42 = 0, 43 = −p3z, 44 = −p11 − p22,
45 = 0, 46 = 0, 47 = zΩ, 48 = 0,
51 = 0, 52 = −z∗Ω, 53 = 0, 54 = 0,
55 = Ω2 + p33, 56 = p3z∗, 57 = 0, 58 = 0,
61 = zΩ, 62 = 0, 63 = 0, 64 = 0,
65 = p3z, 66 = p11 + p22, 67 = 0, 68 = 0,
71 = 0, 72 = 0, 73 = 0, 74 = z∗Ω,
75 = 0, 76 = 0, 77 = −Ω2 − p33, 78 = −p3z∗,
81 = 0, 82 = 0, 83 = −zΩ, 84 = 0,
85 = 0, 86 = 0, 87 = −p3z, 88 = −p11 − p22.
Above, in the formulae for matrix elements
of the spin operators (259)–(261) the following
notations are used
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p1zmΩ ≡ p1z +mΩ, p1z∗mΩ ≡ p1z∗ +mΩ,
p2zmΩ ≡ −ip2z +mΩ, p2z∗mΩ ≡ ip2z∗ +mΩ,
p12 ≡ p1p2, p13 ≡ p1p3, p23 ≡ p2p3, (262)
p11 ≡ p1p1, p22 ≡ p2p2, p33 ≡ p3p3,
Ω ≡ ω +m, ω ≡
√−→p +m2,
z ≡ p1 + ip2, z∗ ≡ p1 − ip2, z∗2 ≡ (z∗)2.
The equations on eigenvectors and eigenval-
ues of the operator s38D (261) follow from the
equations (244) and the transformation (249)–
(251). In addition to it, the action of the oper-
ator s38D (261) on the spinors (v
−
A(
−→
k ), v+B(
−→
k ))
(257) also leads to the result
s38Dv
−
1 (
−→
k ) = v−1 (
−→
k ), s38Dv
−
2 (
−→
k ) = 0,
s38Dv
−
3 (
−→
k ) = −v−3 (
−→
k ), s38Dv
−
4 (
−→
k ) = 0,
s38Dv
+
5 (
−→
k ) = v+5 (
−→
k ), s38Dv
+
6 (
−→
k ) = 0, (263)
s38Dv
+
7 (
−→
k ) = −v+7 (
−→
k ), s38Dv
+
8 (
−→
k ) = 0.
In order to verify equations (263) the follow-
ing identity
(ω˜ +m)2 + (
−→
k )2 = 2ω˜(ω˜ +m), (264)
should be used. In the case v+B(
−→
k ) in the ex-
pression s38D(
−→
k ) (261) the substitution
−→
k →
−−→k is made.
The equations (263) determine the interpre-
tation of the amplitudes in solution (256). This
interpretation is similar to the given above in
the paragraph after equations (244). Neverthe-
less, the direct quantum-mechanical interpreta-
tion of the amplitudes should be made in the
framework of the RCQM, see the section 13
above.
The explicit form of the P-generators of the
bosonic representation of the Poincare´ group P ,
with respect to which the covariant equation
(252) and the set {ψ} of its solutions (256) are
invariant, is derived from the generators (245),
(246) on the basis of the transformation (249),
(251). The corresponding generators are given
by
p̂0 = Γ08(
−→
Γ 8 · −→p +m), p̂ℓ = −i∂ℓ,
ĵℓn = xℓDp̂
n − xnDp̂ℓ + sℓn8D ≡ m̂ℓn + sℓn8D, (265)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ− 1
2
{
xℓD, p̂
0
}
+
p̂0(−→s 8D ×−→p )ℓ
ω̂(ω̂ +m)
,
(266)
where the spin matrices −→s 8D = (sℓn8D) are given
in (259)–(261) and the operator −→x D has the
form
−→x D = −→x + i
−→
Γ 8
2ω̂
−
−→s 8 ×−→p
ω̂(ω̂ +m)
− i
−→p (−→Γ 8 · −→p )
2ω̂2(ω̂ +m)
,
(267)
where the spin matrices −→s 8 are given in (243).
It is easy to verify that the genera-
tors (265), (266) commute with the operator[
i∂0 − Γ08(−→Γ 8 · −→p +m)
]
of equation (252), sat-
isfy the commutation relations (11) of the Lie
algebra of the Poincare´ group and the corre-
sponding Casimir operators are given by
p2 = p̂µp̂µ = m
2I8, (268)
W = wµwµ = m
2−→s 28D =
m2
∣∣∣∣∣∣∣∣∣
1 (1 + 1) I3 0 0 0
0 0 0 0
0 0 1 (1 + 1) I3 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ . (269)
where I8 and I3 are 8×8 and 3×3 unit matrices,
respectively.
As it was already explained in details in the
previous sections, the conclusion that equation
(252) describes the bosonic particle-antiparticle
multiplet of the spin s=(1,0,1,0) and massm > 0
(and its solution (256) is the bosonic field of the
above mentioned spin and nonzero mass) fol-
lows from the analysis of equations (263) and
the Casimir operators (268), (269). Moreover,
the external argument in the validity of such in-
terpretation is the link with the corresponding
RCQM of spin s=(1,0,1,0) particle-antiparticle
multiplet, where the quantum-mechanical in-
terpretation is direct and evident. Therefore,
the bosonic spin s=(1,0,1,0) properties of equa-
tion (252) are proved. In particular, the equa-
tion (252) can be used for the W∓-boson.
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Contrary to the above found bosonic proper-
ties of the equation (252), the fermionic prop-
erties of this equation are evident. The fact
that equation (252) describes the multiplet of
two fermions with the spin s=1/2 and two an-
tifermions with that spin can be proved much
more easier then the above bosonic consider-
ation. The proof is similar to that given in
the standard 4-component Dirac model (sec-
tions 7, 9, 10 above). Moreover, it is easy
to show that equation (252) can describe the
spin s=(3/2,3/2) particle-antiparticle doublet
and the corresponding spinor field (section 24
below). Therefore, equation (252) has more ex-
tended property of the Fermi–Bose duality then
the standard Dirac equation [24–28].
23 NEW MAXWELL-LIKE EQUATIONS
FOR THE SPIN S=1 BOSON AND THE
GENERALIZED MAXWELL ELECTRODY-
NAMICS
In the partial case of m = 0 equation (252) de-
scribes (among the other possibilities) the sys-
tem of the 8-component (photon massless spin-
less boson)-(antiphoton masslees spinless antiboson)
field. The 4-component photon massless spin-
less boson subsystem was described in [36–38].
In other possible interpretation [36–38], it is the
system of the Maxwell equations with gradient
type current and charge densities (the magnetic
gradient type current and charge densities also
are included). It was shown [36–38] that this 4-
component model can describe the relativistic
hydrogen spectrum (i. e. has the coupled finite
solutions) and the longitudinal electromagnetic
waves. The 8-component model given here
above has the additional possibilities related
to the antiphoton presence. The antiphoton can
be considered as the photon with opposite sign
of helicity (or right-handed in comparison with
left-handed photon).
The link between the standard 4-component
Dirac equation and the original Maxwell equa-
tions is the direct consequence of the substitu-
tions like
ψ =
∣∣∣∣∣∣∣∣∣
E3 + iH0
E1 + iE2
iH3 + E0
−H2 + iH1
∣∣∣∣∣∣∣∣∣ , (270)
or
ψ =
∣∣∣∣∣
−→
E − i−→H
E0 − iH0
∣∣∣∣∣ , (271)
into the massless Dirac equation (see [36–38]
for details). In formulae (270), (271) the func-
tions
−→
E = (E1, E2, E3),
−→
H = (H1, H2, H3) are
the field strengths of electromagnetic field and
the functions E0, H0 are the corresponding
characteristics of the spinless bosonic field. The
necessary substitutions like (270), (271) for the
4-component spinors have been found step by
step by many authors, see, e. g., [36–38] and
references therein.
The link between the 8-component Dirac-
like equation (252) and the original Maxwell
equations is the direct consequence of the sub-
stitution
ψ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
E3 + iH0
E1 + iE2
iH3 + E0
−H2 + iH1
−iH3 −E0
H2 − iH1
−E3 − iH0
−E1 − iE2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(272)
into equation (252). The resulting system of
Maxwell-like equations is given by
∂0E
0 + ∂jE
j ∓mH3 = 0,
∂0E
1 − (curl−→H )1 + ∂1E0 ∓mE2 = 0,
∂0E
2 − (curl−→H )2 + ∂2E0 ±mE1 = 0,
∂0E
3 − (curl−→H )3 + ∂3E0 ∓mH0 = 0,
∂0H
0 + ∂jH
j ±mE3 = 0, (273)
∂0H
1 + (curl
−→
E )1 + ∂1H
0 ∓mH2 = 0,
∂0H
2 + (curl
−→
E )2 + ∂2H
0 ±mH1 = 0,
∂0H
3 + (curl
−→
E )3 + ∂3H
0 ±mE0 = 0.
The system of equations (273) contains 16
equations for the 8 real functions Eα =
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(E0, E1, E2, E3), Hα = (H0, H1, H2, H3). The
subsystem of 8 equations with upper sign near
mass member is the consequence of the four
upper equations from (252), while the subsys-
tem of 8 equations with lower sign near mass
member is the consequence of the four lower
equations from (252). The situation is similar to
the Dirac equation, wherever from the form of
8 equations with ±m
(iγµ∂µ−m)(iγν∂ν+m) = −∂0∂0+∆−m2 (274)
the system of 4 equations with −m (iγµ∂µ −
m)ψ(x) = 0 for 4 functions is taken. In complete
analogy here from the equations (273) the sys-
tem of 8 equations with upper sign near mass
for 8 functions Eα = (E0, E1, E2, E3), Hα =
(H0, H1, H2, H3) is taken. It is the system (273)
with upper sign near mass.
The system of equations (273) (upper sign
near mass) describes the bosonic particle mul-
tiplet of the spin s=(1,0) and mass m > 0 (the
coupled electromagnetic and scalar fields in
the case of zero mass). Contrary to (252), here
(in this form of equation) the relation to the
Maxwell electrodynamics is evident. In partial
case m = 0 equations (273) (8 real or 4 complex
equations) coincide with the Maxwell equa-
tions with gradient-like current and charge
densities considered in [36–38].
Furthermore, the partial case E0 = H0 = 0 in
(273) leads to the system of equations
∂jE
j −mH3 = 0,
∂0E
1 − (curl−→H )1 −mE2 = 0,
∂0E
2 − (curl−→H )2 +mE1 = 0,
∂0E
3 − (curl−→H )3 = 0,
∂jH
j +mE3 = 0, (275)
∂0H
1 + (curl
−→
E )1 −mH2 = 0,
∂0H
2 + (curl
−→
E )2 +mH1 = 0,
∂0H
3 + (curl
−→
E )3 = 0.
Equations (275) can be considered as the gener-
alized electrodynamics for the electromagnetic
field of the photon with mass. In general, equa-
tions (275) describes the field of arbitrary boson
with spin s=1 and mass m > 0.
The system of equations (275) is derived
from the equations (149), (221) similarly to the
way, in which the system of equations (252),
and further (273) (with upper sign near mass),
is derived from the equations (168), (236). The
corresponding 6 component transformation of
FW type will be the subject of special consid-
eration. Hence, the system (275) is the direct
consequence of the equations (149), (221) for
the spin s=(1,1) particle-antiparticle doublet.
Moreover, equations (273) with upper sign
near mass are linked directly with the RCQM
equation (160) for the spin s=(1,0) multiplet.
This link is based on the anti-Hermitian trans-
formations, essential application of complex
conjugation operator C and the correspond-
ing equations for eigenvectors lead to complex
number eigenvalues. Therefore, such links and
transformations will be given in special publi-
cation.
Finally, the substitution m = 0 into the sys-
tem of equations (275) leads to the Maxwell
equations
div
−→
E = 0, ∂0
−→
E − curl−→H = 0,
div
−→
H = 0, ∂0
−→
H + curl
−→
E = 0, (276)
for free electromagnetic field. Thus, the link
between the RCQM and the Maxwell electro-
dynamics is finished.
24 COVARIANT FIELD EQUATION FOR
THE 8-COMPONENT SPIN S=(3/2,3/2)
FERMIONIC PARTICLE-ANTIPARTICLE
DOUBLET
The model is constructed in complete analogy
with the consideration in section 22.
The start of this derivation is given in sec-
tion 14, where the RCQM of the 8-component
fermionic spin s=(3/2,3/2) particle-antiparticle
doublet is considered. The second step is the
transition from the Schro¨dinger–Foldy equation
(168) to the canonical field equation. This step,
as shown in section 22, is possible only for the
anti-Hermitian form of the operators. Never-
theless, the resulting operators can be chosen
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in the standard Hermitian form and do not
contain the operator C of complex conjuga-
tion. The last step of the transition from the
canonical field equation to the covariant local
field equation is fulfilled in analogy with the
FW transformation (119) with the help of the
transformation (249).
Thus, the canonical field equation for the 8-
component spin s=(3/2,3/2) fermionic particle-
antiparticle doublet (8 component analogy of
the FW equation) is found from the the
Schro¨dinger–Foldy equation (168) on the ba-
sis of the transformation v8 (239)–(242) and is
given in (236).
The general solution of this equation in the
case of spin s=(3/2,3/2) fermionic particle-
antiparticle doublet is found with the help
of the transformation v8 (239), (240) from the
general solution (177) of the Schro¨dinger–Foldy
equation (168) and is given by
φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxbA(
−→
k )dA + e
ikxb∗B(
−→
k )dB
]
, (277)
where A = 1, 4, B = 5, 8, the orts of the 8-
component Cartesian basis are given in (171)
and the quantum-mechanical interpretation of
the amplitudes (bA(
−→
k ), b∗B(
−→
k )) is given ac-
cording to (182), (183).
The SU(2) spin operators, which satisfy the
commutation relations (30) and commute with
the operator (i∂0 − Γ08ω̂) of the equation of
motion (236), are derived from the correspond-
ing RCQM operators (178), (179) on the ba-
sis of transformations (239), (241), (242). These
canonical field spin operators are given by
−→s 8 =
∣∣∣∣∣ −→s 00 −→s
∣∣∣∣∣ , −→s 28 = 32
(
3
2
+ 1
)
I8, (278)
where the 4×4 operators −→s are given in (39). In
the explicit form the SU(2) spin operators (278)
are given by
s18 =
1
2
·
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
√
3 0 0 0 0 0 0√
3 0 2 0 0 0 0 0
0 2 0
√
3 0 0 0 0
0 0
√
3 0 0 0 0 0
0 0 0 0 0
√
3 0 0
0 0 0 0
√
3 0 2 0
0 0 0 0 0 2 0
√
3
0 0 0 0 0 0
√
3 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
s28 =
i
2
·∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 −√3 0 0 0 0 0 0√
3 0 −2 0 0 0 0 0
0 2 0 −√3 0 0 0 0
0 0
√
3 0 0 0 0 0
0 0 0 0 0 −√3 0 0
0 0 0 0
√
3 0 −2 0
0 0 0 0 0 2 0 −√3
0 0 0 0 0 0
√
3 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(279)
s38 =
1
2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
3 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −3 0 0 0 0
0 0 0 0 3 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
The stationary complete set of operators is
given by the operators g,−→p , s38 = sz of the
charge sign, momentum and spin projection,
respectively (see section 14 for details). The
equations on the eigenvectors and eigenvalues
of the spin projection operator s38 = sz from
(279) have the form
s38d1 =
3
2
d1, s
3
8d2 =
1
2
d2,
s38d3 = −
1
2
d3, s
3
8d4 = −
3
2
d4,
s38d5 =
3
2
d5, s
3
8d6 =
1
2
d6, (280)
s38d7 = −
1
2
d7, s
3
8d8 = −
3
2
d8.
Therefore, the functions
b1(
−→
k ), b2(
−→
k ), b3(
−→
k ), b4(
−→
k ) in solution (277)
are the momentum-spin amplitudes of the
massive fermion with the spin s=3/2 and
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the spin projection (3/2, 1/2,−1/2,−3/2),
respectively; b5(
−→
k ), b6(
−→
k ), b7(
−→
k ), b8(
−→
k )
are the momentum-spin amplitudes of the
antiparticle (antifermion) with the spin s=3/2
and the spin projection (3/2, 1/2,−1/2,−3/2),
respectively.
Note that direct quantum-mechanical inter-
pretation of the amplitudes in solution (277)
should be given in the framework of the
RCQM. Such interpretation is already given in
section 14 in paragraph after equations (183).
The generators of the reducible unitary
fermionic spin s=(3/2,3/2) doublet representa-
tion of the Poincare´ group P , with respect to
which the canonical field equation (236) and
the set {φ} of its solutions (277) are invariant,
are derived from the RCQM set of generators
(12), (13) with the spin (178), (179) on the basis
of the transformations (239), (241), (242). These
Hermitian 8 × 8 matrix-differential generators
are given by (245), (246), where the explicit
form of SU(2) spin s=(3/2,3/2) is given in (279).
It is easy to prove by the direct verification
that the generators (245), (246) commute with
the operator (i∂0 − Γ08ω̂) of the canonical field
equation (236) and satisfy the commutation
relations (11) of the Lie algebra of the Poincare´
group P . The Casimir operators for the repre-
sentation (245), (246) with SU(2) spin (279) are
given by
p2 = p̂µp̂µ = m
2I8, (281)
W = wµwµ = m
2−→s 28 =
3
2
(
3
2
+ 1
)
I8. (282)
Thus, due to the eigenvalues in equations
(280), positive and negative frequencies form of
solution (277) and the Bargman–Wigner anal-
ysis of the Casimir operators (281), (282) one
can come to a conclusion that equation (236)
describes the 8-component canonical field (the
fermionic particle-antiparticle doublet) with
the spins s=(3/2,3/2) and m > 0.
The operator of the transition to the co-
variant local field theory representation (the
8 × 8 analogy of the 4 × 4 FW transformation
operator (119)) is the same as in the section 22
and is given by (249)–(251). Thus, on the basis
of transformation (249)–(251) the 8-component
Dirac-like equation is found from the canonical
field equation (236) in the form (252).
Note that equation (252) is not the ordi-
nary direct sum of the two Dirac equations.
Therefore, it is not the complex Dirac–Kahler
equation [34]. Moreover, it is not the standard
Dirac–Kahler equation [35].
The solution of equation (252) is derived
from solution (277) of this equation in the
canonical representation (236) on the basis of
transformation (249), (250) and is given by
ψ(x) = V −φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxbA(
−→
k )v−A(
−→
k ) + eikxb∗B(
−→
k )v+B(
−→
k )
]
,
(283)
where A = 1, 4, B = 5, 8 and the 8-component
spinors (v−A(
−→
k ), v+B(
−→
k )) are given in (257).
The spinors (257) are derived from the orts
{dα} of the Cartesian basis (171) with the
help of the transformation (249), (250). The
spinors (257) satisfy the relations of the or-
thonormalization and completeness similar to
the corresponding relations for the standard 4-
component Dirac spinors, see, e. g., [33].
The direct quantum-mechanical interpreta-
tion of the amplitudes in solution (283) should
be given in the framework of the RCQM. Such
interpretation is already given in section 14 in
paragraph after equations (183).
In the covariant local field theory, the oper-
ators of the SU(2) spin, which satisfy the cor-
responding commutation relations
[
sj8D, s
ℓ
8D
]
=
iεjℓnsn8D and commute with the operator[
i∂0 − Γ08(−→Γ 8 · −→p +m)
]
of equation (252), are
derived from the pure matrix operators (279)
with the help of transition operator (249), (251)−→s 8D = V −−→s 8V +. The explicit form of these
s=(3/2,3/2) SU(2) generators is given by
s18D = k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 13 14 15 16 17 18
21 22 23 24 25 26 27 28
31 32 33 34 35 36 37 38
41 42 43 44 45 46 47 48
51 52 53 54 55 56 57 58
61 62 63 64 65 66 67 68
71 72 73 74 75 76 77 78
81 82 83 84 85 86 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(284)
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where the matrix elements have the form
11 =
√
3p13, 12 =
√
3(p1z∗ +mΩ), 13 = p3z∗,
14 = z∗2,
15 = i
√
3p2Ω, 16 = −
√
3p3Ω, 17 = −Ωz∗, 18 = 0,
21 =
√
3(p1z +mΩ), 22 = −
√
3p13,
23 = 2mΩ+ p1122, 24 = −p3z∗,
25 =
√
3p3Ω, 26 = −i
√
3p2Ω, 27 = 2p3Ω, 28 = z∗Ω,
31 = p3z, 32 = 2mΩ + p1122, 33 =
√
3p13,
34 =
√
3(p1z∗ +mΩ),
35 = 2Ωz, 36 = −2p3Ω, 37 =
√
3p1Ω, 38 = −
√
3p3Ω,
41 = z2, 42 = −p3z, 43 =
√
3(p1z +mΩ),
44 = −
√
3p13,
45 = 0, 46 = −Ωz, 47 =
√
3p3Ω, 48 = −i
√
3p2Ω,
51 = −i
√
3Ω, 52 =
√
3p3Ω, 53 = Ωz∗, 54 = 0
55 =
√
3p13, 56 =
√
3(p1z∗ +mΩ), 57 = p3z∗,
58 = z∗2,
61 = −
√
3p3Ω, 62 = i
√
3p2Ω, 63 = −2p3Ω,
64 = −Ωz∗,
65 =
√
3(p1z +mΩ), 66 = −
√
3p13,
67 = 2mΩ+ p1122, 68 = −p3z∗,
71 = −Ωz, 72 = 2p3Ω, 73 = −i
√
3p2Ω,
74 =
√
3p3Ω,
75 = p3z∗, 76 = 2mΩ2 + p1122, 77 =
√
3p13,
78 =
√
3(p1z∗ +mΩ),
81 = 0, 82 = Ωz, 83 = −
√
3p3Ω, 84 = i
√
3p2Ω,
85 = z2, 86 = −p3z, 87 =
√
3(p1z +mΩ),
88 = −
√
3p13,
s28D = k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 13 14 15 16 17 18
21 22 23 24 25 26 27 28
31 32 33 34 35 36 37 38
41 42 43 44 45 46 47 48
51 52 53 54 55 56 57 58
61 62 63 64 65 66 67 68
71 72 73 74 75 76 77 78
81 82 83 84 85 86 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(285)
where the matrix elements are given by
11 =
√
3p23, 12 = −i
√
3(mΩ + ip2z∗),
13 = −− ip3z∗, 14 = −iz∗2,
15 = −i
√
3p1Ω, 16 = i
√
3p3Ω, 17 = iz∗Ω, 18 = 0,
21 = i
√
3(mΩ− ip2z), 22 =
√
3p23,
23 = −i(Ω2 − p33), 24 = ip3z∗,
25 = i
√
3p3Ω, 26 = i
√
3p1Ω, 27 = −2ip3Ω,
28 = −iz∗Ω,
31 = ip3z, 32 = i(Ω2 − p33), 33 =
√
3p23,
34 = −i
√
3(mΩ+ ip2z∗),
35 = izΩ, 36 = −2ip3Ω, 37 = −i
√
3p1Ω,
38 = i
√
3p3Ω,
41 = iz2, 42 = −ip3z, 43 = i
√
3(mΩ− ip2z),
44 = −
√
3p23,
45 = 0, 46 = −izΩ, 47 = i
√
3p3Ω, 48 = i
√
3p1Ω,
51 = i
√
3p1Ω, 52 = −i
√
3p3Ω,
53 = −2iz∗Ω, 54 = 0,
55 =
√
3p23, 56 = −i
√
3(mΩ + ip2z∗),
57 = −ip3z∗, 58 = −iz∗2,
61 = −i
√
3p3Ω, 62 = −i
√
3p1Ω, 63 = 2ip3Ω,
64 = iz∗Ω,
65 = i
√
3(mΩ− ip2z), 66 = −
√
3p23,
67 = −i(Ω2 − p33), 68 = ip3z∗,
71 = −izΩ, 72 = 2ip3Ω, 73 = i
√
3p1Ω,
74 = −i
√
3p3Ω,
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75 = ip3z, 76 = i(Ω2 − p33), 77 =
√
3p23,
78 = −i
√
3(mΩ + ip2z∗),
81 = 0, 82 = izΩ, 83 = −i
√
3p3Ω,
84 = −i
√
3p1Ω,
85 = iz2, 86 = −ip3z, 87 = i
√
3(mΩ− ip2z),
88 = −
√
3p23,
s38D = k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
11 12 0 0 0 16 0 0
21 22 0 0 25 0 0 0
0 0 33 34 0 0 0 38
0 0 43 44 0 0 47 0
0 52 0 0 55 56 0 0
61 0 0 0 65 66 0 0
0 0 0 74 0 0 77 78
0 0 83 0 0 0 87 88
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(286)
where the nonzero matrix elements have the
form
11 = 3ωΩ− p1122, 12 = p3z∗, 16 = z∗Ω,
21 = p3z, 22 = ωΩ+ p1122, 25 = −zΩ,
33 = −ωΩ− p1122, 34 = p3z∗, 38 = z∗Ω,
43 = p3z, 44 = −3ωΩ+ p1122, 47 = −zΩ,
52 = −z∗Ω, 55 = 3ωΩ− p1122, 56 = p3z∗,
61 = zΩ, 65 = p3z, 66 = ωΩ+ p1122,
74 = −z∗Ω, 77 = −ωΩ− p1122, 78 = p3z∗,
83 = zΩ, 87 = p3z, 88 = −3ωΩ+ p1122.
Above, in the formulae (284)–(286) and in cor-
responding matrix elements the following no-
tations are used
k ≡ 1
2ωΩ
, p1122 ≡ p1p1 + p2p2. (287)
Other notations are already given in (262).
The equations on eigenvectors and eigenval-
ues of the operator s38D (286) follow from the
equations (280) and the transformation (249)–
(251). In addition to it, the action of the oper-
ator s38D (286) on the spinors (v
−
A(
−→
k ), v+B(
−→
k ))
(257) also leads to the result
s38Dv
−
1 (
−→
k ) =
3
2
v−1 (
−→
k ), s38Dv
−
2 (
−→
k ) =
1
2
v−2 (
−→
k ),
s38Dv
−
3 (
−→
k ) = −1
2
v−3 (
−→
k ), s38Dv
−
4 (
−→
k ) = −3
2
v−4 (
−→
k ),
s38Dv
+
5 (
−→
k ) =
3
2
v+5 (
−→
k ), s38Dv
+
6 (
−→
k ) =
1
2
v+6 (
−→
k ),
(288)
s38Dv
+
7 (
−→
k ) = −1
2
v+7 (
−→
k ), s38Dv
+
8 (
−→
k ) = −3
2
v+8 (
−→
k ).
In order to verify equations (288) the identity
(264) is used. In the case v+B(
−→
k ) in the expres-
sion s38D(
−→
k ) (286) the substitution
−→
k → −−→k is
made.
The equations (288) determine the interpre-
tation of the amplitudes in solution (283). This
interpretation is similar to the given above in
the paragraph after equations (280). Neverthe-
less, the direct quantum-mechanical interpreta-
tion of the amplitudes should be made in the
framework of the RCQM, see the section 14
above.
The explicit form of the P-generators of the
fermionic representation of the Poincare´ group
P , with respect to which the covariant equation
(252) and the set {ψ} of its solutions (283) are
invariant, is derived from the generators (245),
(246) with SU(2) spin (279) on the basis of the
transformation (249), (251). The corresponding
generators are given by (265), (266) where the
spin matrices −→s 8D = (sℓn8D) are given in (284)–
(286) and the operator −→x D has the form (267)
with spin matrices −→s 8 (278), (279).
It is easy to verify that the generators (265),
(266) with SU(2) spin (284)–(286) commute with
the operator
[
i∂0 − Γ08(−→Γ 8 · −→p +m)
]
of equa-
tion (252), satisfy the commutation relations
(11) of the Lie algebra of the Poincare´ group
and the corresponding Casimir operators are
given by
p2 = p̂µp̂µ = m
2I8, (289)
W = wµwµ = m
2−→s 28D =
3
2
(
3
2
+ 1
)
m2I8. (290)
As it was already explained in details in
the previous sections, the conclusion that
equation (252) describes the local field of
fermionic particle-antiparticle doublet of the
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spin s=(3/2,3/2) and mass m > 0 (and its
solution (283) is the local fermionic field of
the above mentioned spin and nonzero mass)
follows from the analysis of equations (288)
and the Casimir operators (289), (290). This
proof is completely similar to given in sec-
tions 7, 9, 10 in order to link with RCQM
and to interprate the standard Dirac equa-
tion. Hence, the equation (252) describes the
spin s=(3/2,3/2) particle-antiparticle doublet
on the same level, on which the standard 4-
component Dirac equation describes the spin
s=(1/2,1/2) particle-antiparticle doublet. More-
over, the external argument in the validity of
such interpretation is the link with the corre-
sponding RCQM of spin s=(3/2,3/2) particle-
antiparticle doublet, where the quantum-
mechanical interpretation is direct and evident.
Therefore, the fermionic spin s=(3/2,3/2) prop-
erties of equation (252) are proved.
Contrary to the bosonic spin s=(1,0,1,0) prop-
erties of the equation (252) found in section 22,
the fermionic spin s=(1/2,1/2,1/2,1/2) prop-
erties of this equation are evident. The fact
that equation (252) describes the multiplet of
two fermions with the spin s=1/2 and two
antifermions with that spin can be proved
much more easier then the above given con-
sideration. The proof is similar to that given
in the standard 4-component Dirac model.
The detailed consideration can be found in
sections 7, 9, 10 here. Moreover, in this sec-
tion equation (252) has been proved to de-
scribe the spin s=(3/2,3/2) particle-antiparticle
doublet and the corresponding spinor field.
Therefore, equation (252) has more extended
property of the Fermi–Bose duality then the
standard Dirac equation [24–28]. This equation
has the property of the Fermi–Bose triality.
The property of the Fermi–Bose triality of the
manifestly covariant equation (252) means that
this equation describes on equal level (i) the
spin s=(1/2,1/2,1/2,1/2) multiplet of two spin
s=(1/2,1/2) fermions and two spin s=(1/2,1/2)
antifermions, (ii) the spin s=(1,0,1,0) multiplet
of the vector and scalar bosons together with
their antiparticles, (iii) the spin s=(3/2,3/2)
particle-antiparticle doublet.
Interaction, quantization and Lagrange ap-
proach in the given spin s=(3/2,3/2) model are
completely similar to the Dirac 4-component
theory and standard quantum electrodynam-
ics. For example, the Lagrange function of the
system of interacting 8 component spinor and
electromagnetic fields (in the terms of 4-vector
potential Aµ(x)) is given by
L = −1
4
F µνFµν+
i
2
(
ψ(x)Γµ8
∂ψ(x)
∂xµ
− ∂ψ(x)
∂xµ
Γµ8ψ(x)
)
− (291)
mψ(x)ψ(x) + qψ(x)Γµ8ψ(x)Aµ(x),
where ψ(x) is the independent Lagrange vari-
able and ψ = ψ†Γ08 in the space of solutions
{ψ}. In Lagrangian (291) Fµν = ∂µAν − ∂νAµ
is the electromagnetic field tensor in the terms
of potentials, which play the role of variational
variables in this Lagrange approach.
Therefore, the covariant local quantum field
theory model for the interacting particles with
spin s=3/2 and photons can be constructed in
complete analogy to the construction of the
modern quantum electrodynamics. This model
can be useful for the investigations of processes
with interacting hyperons and photons.
25 FIELD EQUATION FOR THE 10-
COMPONENT SPIN S=(2,2) PARTICLE-
ANTIPARTICLE DOUBLET
This model is constructed in complete anal-
ogy for the consideration of the spin s=(1,1)
particle-antiparticle doublet given in section 21.
The RCQM of the spin s=(2,2) particle-
antiparticle doublet is considered in section
15. Transition to the canonical field theory is
fulfilled in a complete analogy with the method
suggested in [3, 14] (see details in sections 9,
10 here). The difference is only in the explicit
form of the transition operator, which is now
given by the 10 × 10 diagonal matrix with the
5 × 5 operator of the complex conjugation in
the bottom part.
Thus, the Schro¨dinger–Foldy equation (186)
and its solution (187) are linked with the canon-
ical field theory equation
(i∂0−Γ010ω̂)φ(x) = 0, Γ010 =
∣∣∣∣∣ I5 00 −I5
∣∣∣∣∣ , (292)
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ω̂ ≡
√
−∆+m2,
and its solution
φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxgA(
−→
k )dA + e
ikxg∗B(
−→
k )dB
]
, (293)
A = 1, 2, 3, 4, 5, B = 6, 7, 8, 9, 10,
with the help of the following operator
v10 =
∣∣∣∣∣ I5 00 CI5
∣∣∣∣∣ , v−110 = v†10 = v10, v10v10 = I10,
(294)
where the Cartesian orts (dA, dB) are given in
(188), C is the operator of the complex conju-
gation and I5 is the 5× 5 unit matrix.
The operator v10 (294) transforms an arbi-
trary operator qˆqm of the 10-component RCQM
from section 15 into the corresponding operator
qˆcf of the canonical field theory and vice versa:
v10qˆ
anti−Herm
qm v10 = qˆ
anti−Herm
cf , (295)
v10qˆ
anti−Herm
cf v10 = qˆ
anti−Herm
qm , (296)
where the operators qˆqm and qˆcf must be taken
in the anti-Hermitian form. The corresponding
link between solutions (187) and (293) is as
follows
φ = v10f, f = v10φ. (297)
Note that formulae (295), (296) are valid for
the anti-Hermitian (prime) operators only. For
the goals stated in our previous papers [24–
28], we often use the operators in the anti-
Hermitian form (see also the comments in sec-
tion 9). The mathematical correctness of such
choice and the physical interpretation are ex-
plained in the books [29, 30]. Return to the
Hermitian operators is very easy.
The important examples of the transitions
(295), (296) are the transformations of the op-
erators of equations (186), (292)
v10(∂0 + iω̂)v10 = ∂0 + iΓ
0
10ω̂, (298)
v10(∂0 + iΓ
0
10ω̂)v10 = ∂0 + iω̂, (299)
and of the SU(2) spin operators. The spin oper-
ators of the canonical field theory found from
the RCQM SU(2) spin (190) on the basis of the
transformation (294) satisfy the commutation
relations (30) and have the following form
−→s 10 =
∣∣∣∣∣ −→s 5 00 −→s 5
∣∣∣∣∣ , (300)
where the 5 × 5 spin s=2 SU(2) generators
are denoted as −→s 5 and are given in (48). The
corresponding Casimir operator is given by
−→s 210 = 6I10 = 2(2 + 1)I10, (301)
where I10 is the 10× 10- unit matrix.
The stationary complete set of operators is
given by the operators −→p , s310 = sz of the
momentum and spin projection. The equations
on the eigenvectors and eigenvalues of the
operators −→p and s310 = sz from (300) have the
form
−→p e−ikxdA = −→k e−ikxdA, A = 1, 5,
−→p eikxdB = −−→k eikxdB, B = 6, 10,
s310d1 = 2d1, s
3
10d2 = d2, s
3
10d3 = 0, s
3
10d4 = −d4,
s310d5 = −2d5, s310d6 = 2d6, s310d7 = d7, (302)
s310d8 = 0, s
3
10d9 = −d9, s310d10 = −2d10,
and determine the interpretation of the am-
plitudes in the general solution (293). Note
that the direct quantum-mechanical interpreta-
tion of the amplitudes gA(
−→
k ), gB(
−→
k ) in solu-
tion (293) should be taken from the quantum-
mechanical equations (193), (194) and is given
in section 15.
The relativistic invariance of the canonical
field equation (292) follows from the corre-
sponding invariance of the Schro¨dinger–Foldy
equation (186) and transformation (294)–(297)
(for the anti-Hermitian operators). The explicit
form of the corresponding generators follows
from of the explicit form the generators (12),
(13) with the spin matrices (190), (191) and
transformation (294)–(297).
Thus, the canonical field equation (292) and
the set {φ} of its solutions (293) are invariant
with respect to the reducible unitary bosonic
representation (14) of the Poincare´ group P ,
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whose Hermitian 10 × 10 matrix-differential
generators are given by
p̂0 = Γ010ω̂ ≡ Γ010
√
−∆+m2, p̂ℓ = −i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sℓn10 ≡ m̂ℓn + sℓn10, (303)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ−1
2
Γ010
{
xℓ, ω̂
}
+Γ010
(−→s 10 ×−→p )ℓ
ω̂ +m
,
(304)
where the spin s=(2,2) SU(2) generators −→s 10 =
(sℓn10) have the form (300).
It is easy to prove by the direct verification
that generators (303), (304) commute with the
operator (i∂0−Γ06ω̂) of the canonical field equa-
tion (292) and satisfy the commutation relations
(11) of the Lie algebra of the Poincare´ group P .
The corresponding Casimir operators are
given by
p2 = p̂µp̂µ = m
2I10, (305)
W = wµwµ = m
2−→s 210 = 2 (2 + 1)m2I10, (306)
where I10 is the 10 × 10 unit matrix. Note that
the difference between the Casimir operators
(305), (306) and the corresponding expressions
in RCQM, see the formulae (195), (196) above,
is only in the explicit form of the operator −→s 10.
Thus, due to the eigenvalues in equations
(302), positive and negative frequencies form
of the solution (293) and the Bargman–Wigner
analysis of the Casimir operators (305), (306),
one can come to a conclusion that equation
(292) describes the canonical field (the bosonic
particle-antiparticle doublet) with the spins
s=(2,2) and m > 0. Transition to the m = 0
limit leads to the canonical field equation for
the graviton-antigraviton field.
Final transition to the covariant local field
theory in the case of this 10-component dou-
blet contains the specific features and is the
subject of next publication. The result of such
transition can be the Duffin–Kemmer–Petiau
equation or the 10-component Dirac-like equa-
tion for the spin s=(2,2) and m > 0 classical
field. The resulting covariant local field theory
equation can be found in an analogy with the
consideration of the spin s=(1,1) doublet given
above.
26 COVARIANT FIELD EQUATION FOR
THE 12-COMPONENT SPIN S=(2,0,2,0)
BOSONIC PARTICLE-ANTIPARTICLE MUL-
TIPLET
In this section, the field model of the spin
s=(2,0) bosonic multiplet and the correspond-
ing spin s=(2,0) antiparticle multiplet is con-
structed. The complete analogy with the case
of the spin s=(1,0,1,0) model of section 22 is
used.
The start of this derivation is given in sec-
tion 16, where the RCQM of the 12-component
bosonic spin s=(2,0,2,0) particle-antiparticle
multiplet is considered. The second step is the
transition from the Schro¨dinger–Foldy equation
(197) to the canonical field equation. This step,
as shown above, is possible only for the anti-
Hermitian form of the operators. Nevertheless,
the resulting operators can be chosen in the
standard Hermitian form and do not contain
the operator C of complex conjugation. The last
step of the transition from the canonical field
equation to the covariant local field equation is
fulfilled in analogy with the FW transformation
(119).
Thus, the corresponding canonical field
equation is found in the form
(i∂0 − Γ012ω̂)φ(x) = 0, φ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ1
φ2
.
.
.
φ12
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (307)
where
ω̂ ≡
√
−∆+m2,
Γ012 =
∣∣∣∣∣ I6 00 −I6
∣∣∣∣∣ , I6 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(308)
The general solution of equation (307) is
given by
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φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxgA(
−→
k )dA + e
ikxg∗B(
−→
k )dB
]
, (309)
where A = 1, 6, B = 5, 12 and the orts of the 12-
component Cartesian basis are given in (199).
The transition from the Schro¨dinger–Foldy
equation (197) and its solution (198) to canon-
ical field equation (307) and solution (309) is
given by the operator
v12 =
∣∣∣∣∣ I6 00 CI6
∣∣∣∣∣ , v−112 = v†12 = v12, v12v12 = I12,
(310)
φ = v12f, f = v12φ, (311)
v12qˆ
anti−Herm
qm v12 = qˆ
anti−Herm
cf , (312)
v12qˆ
anti−Herm
cf v12 = qˆ
anti−Herm
qm . (313)
Here qˆanti−Hermqm is an arbitrary operator from
the RCQM of the 12-component particle-
antiparticle doublet in the anti-Hermitian form,
e. g., the operator (∂0 + iω̂) of equation of mo-
tion, the operator of spin (201), etc., qˆanti−Hermcf
is an arbitrary operator from the canonical
field theory of the 12-component particle-
antiparticle doublet in the anti-Hermitian form,
CI6 is the 6×6 operator of complex conjugation.
The SU(2) spin operators, which satisfy the
commutation relations (30) and commute with
the operator (i∂0−Γ012ω̂) of the equation of mo-
tion (307), are derived from the RCQM opera-
tors (201) on the basis of transformations (310),
(312). These canonical field spin operators are
given by
−→s 12 =
∣∣∣∣∣ −→s 6 00 −→s 6
∣∣∣∣∣ , (314)
where the 6×6 operators −→s 6 are given in (202).
The corresponding Casimir operator is given
by the 12× 12 diagonal matrix (203). Note that
this Casimir operator is the same both for the
spin (201) and for the spin (314).
The stationary complete set of operators is
given by the operators −→p , s312 = sz of the
momentum and spin projection. The equations
on the eigenvectors and eigenvalues of the spin
projection operator s312 = sz from (314) have the
form
s312d1 = 2d1, s
3
12d2 = d2, s
3
12d3 = 0, s
3
12d4 = −d4,
s3
12
d5 = −2d5, s312d6 = 0, s312d7 = 2d7, s312d8 = d8,
(315)
s312d9 = 0, s
3
12d10 = −d10, s312d11 = −2d11,
s312d12 = 0.
Therefore, the functions
g1(
−→
k ), g2(
−→
k ), g3(
−→
k ), g4(
−→
k ), g5(
−→
k ) in solution
(309) are the momentum-spin amplitudes of
the massive boson with the spin s=2 and the
spin projection (2, 1, 0,−1,−2), respectively,
g6(
−→
k ) is the amplitude of the spinless boson;
g7(
−→
k ), g8(
−→
k ), g9(
−→
k ), g10(
−→
k ), g11(
−→
k ) are the
momentum-spin amplitudes of the antiparticle
(antiboson) with the spin s=2 and the spin
projection (2, 1, 0,−1,−2), respectively, g12(−→k )
is the amplitude of the spinless antiboson.
Note that direct quantum-mechanical inter-
pretation of the amplitudes in solution (309)
should be given in the framework of the
RCQM. Such interpretation is already given in
section 16 in paragraph after equations (205).
The generators of the reducible unitary
bosonic spin s=(2,0,2,0) multiplet representa-
tion of the Poincare´ group P , with respect to
which the canonical field equation (307) and
the set {φ} of its solutions (309) are invariant,
are derived from the RCQM set of generators
(12), (13) with the spin (201) on the basis of the
transformations (310), (312). These Hermitian
12× 12 matrix-differential generators are given
by
p̂0 = Γ012ω̂ ≡ Γ012
√
−∆+m2, p̂ℓ = −i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sℓn12 ≡ m̂ℓn + sℓn12, (316)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ−1
2
Γ012
{
xℓ, ω̂
}
+Γ012
(−→s 12 ×−→p )ℓ
ω̂ +m
,
(317)
where the spin s=(2,0,2,0) SU(2) generators−→s 12 = (sℓn12) have the form (314).
It is easy to prove by the direct verification
that the generators (316), (317) commute with
the operator (i∂0 − Γ012ω̂) of the canonical field
equation (307) and satisfy the commutation
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relations (11) of the Lie algebra of the Poincare´
group P . The Casimir operators for the repre-
sentation (316), (317) are given by
p2 = p̂µp̂µ = m
2I12, (318)
W = wµwµ = m
2−→s 212 =
m2
∣∣∣∣∣∣∣∣∣
2 (2 + 1) I5 0 0 0
0 0 0 0
0 0 2 (2 + 1) I5 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (319)
where I12 is 12× 12 unit matrix and I5 is 5 × 5
unit matrix.
Thus, due to the eigenvalues in equations
(315), positive and negative frequencies form of
solution (309) and the Bargman–Wigner anal-
ysis of the Casimir operators (318), (319) one
can come to a conclusion that equation (307)
describes the 12-component canonical field (the
bosonic particle-antiparticle doublet) with the
spins s=(2,0,2,0) and m > 0. Transition to the
m = 0 limit leads to the canonical field equation
for the 12-component (graviton massless spin-
less boson)-(antigraviton- masslees spinless an-
tiboson) field.
The operator of the transition to the covari-
ant local field theory representation (the 12×12
analogy of the 4×4 FW transformation operator
(119)) is given by
V ∓ =
∓−→Γ 12 · −→p + ω̂ +m√
2ω̂(ω̂ +m)
, V − = (V +)†,
(320)
V −V + = V +V − = I12,
ψ = V −φ, φ = V +ψ, (321)
qˆD = V
−qˆCFV
+, qˆCF = V
+qˆDV
−, (322)
where qˆD is an arbitrary operator (both in the
Hermitian and anti-Hermitian form) in the co-
variant local field theory representation. The
inverse transformation is valid as well.
Thus, on the basis of transformation (320)–
(322) the 12-component Dirac-like equation is
found from the canonical field equation (307)
in the form
[
i∂0 − Γ012(−→Γ 12 · −→p +m)
]
ψ(x) = 0. (323)
In formula (320) and in equation (323) the Γµ12
matrices are given by
Γ012 =
∣∣∣∣∣ I6 00 −I6
∣∣∣∣∣ , Γj12 =
∣∣∣∣∣ 0 Σ
j
6
−Σj6 0
∣∣∣∣∣ , (324)
where Σj6 are the 6× 6 Pauli matrices
Σ16 =
∣∣∣∣∣ 0 I3I3 0
∣∣∣∣∣ , Σ26 =
∣∣∣∣∣ 0 −iI3iI3 0
∣∣∣∣∣ , (325)
Σ36 =
∣∣∣∣∣ I3 00 −I3
∣∣∣∣∣ ,
and I3 is the 3× 3 unit matrix.
The matrices Σj6 satisfy the similar commu-
tation relations as the 2× 2 Pauli matrices (20)
and have other similar properties. The matrices
Γµ12 (324) satisfy the anticommutation relations
of the Clifford–Dirac algebra in the form
Γµ12Γ
ν
12 + Γ
ν
12Γ
µ
12 = 2g
µν . (326)
The solution of equation (323) is derived
from solution (309) of this equation in the
canonical representation (307) on the basis of
transformation (320), (321) and is given by
ψ(x) = V −φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxgA(
−→
k )v−A(
−→
k ) + eikxg∗B(
−→
k )v+B(
−→
k )
]
,
(327)
where A = 1, 6, B = 7, 12 and the 12-
component spinors (v−A(
−→
k ), v+B(
−→
k )) are given
by
v−1 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω˜ +m
0
0
0
0
0
k3
0
0
k1 + ik2
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−2 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
ω˜ +m
0
0
0
0
0
k3
0
0
k1 + ik2
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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v−3 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
ω˜ +m
0
0
0
0
0
k3
0
0
k1 + ik2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−4 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
ω˜ +m
0
0
k1 − ik2
0
0
−k3
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v−5 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
ω˜ +m
0
0
k1 − ik2
0
0
−k3
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−6 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
ω˜ +m
0
0
k1 − ik2
0
0
−k3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(328)
v+7 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k3
0
0
k1 + ik2
0
0
ω˜ +m
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+8 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
k3
0
0
k1 + ik2
0
0
ω˜ +m
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v+9 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k3
0
0
k1 + ik2
0
0
ω˜ +m
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+10(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k1 − ik2
0
0
−k3
0
0
0
0
0
ω˜ +m
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v+11(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
k1 − ik2
0
0
−k3
0
0
0
0
0
ω˜ +m
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+12(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k1 − ik2
0
0
−k3
0
0
0
0
0
ω˜ +m
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where N is given in (258).
The spinors (328) are derived from the orts
{d} of the Cartesian basis (199) with the
help of the transformation (320), (321). The
spinors (328) satisfy the relations of the or-
thonormalization and completeness similar to
the corresponding relations for the standard 4-
component Dirac spinors, see, e. g., [33].
In the covariant local field theory, the opera-
tors of the SU(2) spin, which satisfy the corre-
sponding commutation relations
[
sj12D, s
ℓ
12D
]
=
iεjℓnsn12D and commute with the operator[
i∂0 − Γ012(−→Γ 12 · −→p +m)
]
of equation (323), are
derived from the pure matrix operators (314)
with the help of operator (320), (322):
−→s 12D = V −−→s 12V +. (329)
The explicit form can be presented in analogy
with previous sections.
The equations on eigenvectors and eigenval-
ues of the operator s312D (329) follow from the
equations (315) and the transformation (320)–
(322). In addition to it, the action of the oper-
ator s312D (329) on the spinors (v
−
A(
−→
k ), v+B(
−→
k ))
(328) also leads to the result
s312Dv
−
1 (
−→
k ) = 2v−1 (
−→
k ), s312Dv
−
2 (
−→
k ) = v−2 (
−→
k ),
s312Dv
−
3 (
−→
k ) = 0, s312Dv
−
4 (
−→
k ) = −v−4 (−→k ),
s312Dv
−
5 (
−→
k ) = −2v−5 (
−→
k ), s312Dv
−
6 (
−→
k ) = 0, (330)
s312Dv
+
7 (
−→
k ) = 2v+7 (
−→
k ), s312Dv
+
8 (
−→
k ) = v+8 (
−→
k ),
s312Dv
+
9 (
−→
k ) = 0, s312Dv
+
10(
−→
k ) = −v+10(−→k ),
s312Dv
+
11(
−→
k ) = −2v+11(
−→
k ), s312Dv
+
12(
−→
k ) = 0.
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In order to verify equations (330) the identity
(264) should be used. In the case v+B(
−→
k ) in the
expression s312D(
−→
k ) (329) the substitution
−→
k →
−−→k is made.
The equations (330) determine the interpre-
tation of the amplitudes in solution (327). This
interpretation is similar to the given above in
the paragraph after equations (315). Neverthe-
less, the direct quantum-mechanical interpreta-
tion of the amplitudes should be made in the
framework of the RCQM, see the section 16
above.
The explicit form of the P-generators of the
bosonic representation of the Poincare´ group P ,
with respect to which the covariant equation
(323) and the set {ψ} of its solutions (327) are
invariant, is derived from the generators (316),
(317) on the basis of the transformation (320),
(322). The corresponding generators are given
by
p̂0 = Γ012(
−→
Γ 12 · −→p +m), p̂ℓ = −i∂ℓ,
ĵℓn = xℓDp̂
n − xnDp̂ℓ + sℓn12D ≡ m̂ℓn + sℓn12D, (331)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ− 1
2
{
xℓD, p̂
0
}
+
p̂0(−→s 12D ×−→p )ℓ
ω̂(ω̂ +m)
,
(332)
where the spin matrices −→s 12D = (sℓn12D) are
given in (329) and the operator −→x D has the
form
−→x D = −→x + i
−→
Γ 12
2ω̂
−
−→s 12 ×−→p
ω̂(ω̂ +m)
− i
−→p (−→Γ 12 · −→p )
2ω̂2(ω̂ +m)
,
(333)
where the spin matrices −→s 12 are given in (314).
It is easy to verify that the genera-
tors (331), (332) commute with the operator[
i∂0 − Γ012(−→Γ 12 · −→p +m)
]
of equation (323), sat-
isfy the commutation relations (11) of the Lie
algebra of the Poincare´ group and the corre-
sponding Casimir operators are given by
p2 = p̂µp̂µ = m
2I12, (334)
W = wµwµ = m
2−→s 212D =
m2
∣∣∣∣∣∣∣∣∣
2 (2 + 1) I5 0 0 0
0 0 0 0
0 0 2 (2 + 1) I5 0
0 0 0 0
∣∣∣∣∣∣∣∣∣ , (335)
where I12 is 12× 12 unit matrix and I5 is 5× 5
unit matrix.
As it was already explained in details in the
previous sections, the conclusion that equation
(323) describes the bosonic particle-antiparticle
multiplet of the spin s=(2,0,2,0) and massm > 0
(and its solution (327) is the bosonic field of the
above mentioned spin and nonzero mass) fol-
lows from the analysis of equations (330) and
the Casimir operators (334), (335). Moreover,
the external argument in the validity of such in-
terpretation is the link with the corresponding
RCQM of spin s=(2,0,2,0) particle-antiparticle
multiplet, where the quantum-mechanical in-
terpretation is direct and evident. Therefore,
the bosonic spin s=(2,0,2,0) properties of equa-
tion (323) are proved.
27 COVARIANT FIELD EQUATION FOR
THE 16-COMPONENT SPIN S=(2,1,2,1)
BOSONIC PARTICLE-ANTIPARTICLE MUL-
TIPLET
In this section, the field model of the spin
s=(2,1) bosonic multiplet and the correspond-
ing spin s=(2,1) antiparticle multiplet is con-
structed. The complete analogy with the case of
the spin s=(1,0,1,0) model of section 22 and the
spin s=(2,0,2,0) model of the previous section
is used.
The start of this derivation is given in sec-
tion 17, where the RCQM of the 16-component
bosonic spin s=(2,1,2,1) particle-antiparticle
multiplet is considered. The second step is the
transition from the Schro¨dinger–Foldy equation
(208) to the canonical field equation. This step,
as shown above, is possible only for the anti-
Hermitian form of the operators. Nevertheless,
the resulting operators can be chosen in the
standard Hermitian form and do not contain
the operator C of complex conjugation. The last
step of the transition from the canonical field
equation to the covariant local field equation is
fulfilled in analogy with the FW transformation
(119).
Thus, the corresponding canonical field
equation is found in the form
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(i∂0 − Γ016ω̂)φ(x) = 0, φ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ1
φ2
.
.
.
φ16
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (336)
where
ω̂ ≡
√
−∆+m2,
Γ0
16
=
∣∣∣∣ I8 00 −I8
∣∣∣∣ , I8 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
(337)
The general solution of equation (336) is
given by
φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxgA(
−→
k )dA + e
ikxg∗B(
−→
k )dB
]
, (338)
where A = 1, 8, B = 9, 16 and the orts of the 16-
component Cartesian basis are given in (211).
The transition from the Schro¨dinger–Foldy
equation (208) and its solution (210) to canon-
ical field equation (336) and solution (338) is
given by the operator
v16 =
∣∣∣∣∣ I8 00 CI8
∣∣∣∣∣ , v−116 = v†16 = v16, v16v16 = I16,
(339)
φ = v16f, f = v16φ, (340)
v16qˆ
anti−Herm
qm v16 = qˆ
anti−Herm
cf , (341)
v16qˆ
anti−Herm
cf v16 = qˆ
anti−Herm
qm . (342)
Here qˆanti−Hermqm is an arbitrary operator from
the RCQM of the 16-component particle-
antiparticle doublet in the anti-Hermitian form,
e. g., the operator (∂0 + iω̂) of equation of mo-
tion, the operator of spin (212), etc., qˆanti−Hermcf
is an arbitrary operator from the canonical
field theory of the 16-component particle-
antiparticle doublet in the anti-Hermitian form,
CI8 is the 8×8 operator of complex conjugation.
The SU(2) spin operators, which satisfy the
commutation relations (30) and commute with
the operator (i∂0−Γ016ω̂) of the equation of mo-
tion (336), are derived from the RCQM opera-
tors (212) on the basis of transformations (339),
(341). These canonical field spin operators are
given by
−→s 16 =
∣∣∣∣∣ −→s 8 00 −→s 8
∣∣∣∣∣ , (343)
where the 8×8 operators −→s 8 are given in (213).
The corresponding Casimir operator is given
by the 16× 16 diagonal matrix (214). Note that
this Casimir operator is the same both for the
spin (212) and for the spin (343).
The stationary complete set of operators is
given by the operators −→p , s316 = sz of the
momentum and spin projection. The equations
on the eigenvectors and eigenvalues of the spin
projection operator s316 = sz from (343) have the
form
s316d1 = 2d1, s
3
16d2 = d2, s
3
16d3 = 0, s
3
16d4 = −d4,
s3
16
d5 = −2d5, s316d6 = d6, s316d7 = 0, s316d8 = −d8,
(344)
s316d9 = 2d9, s
3
16d10 = d10, s
3
16d11 = 0,
s316d12 = −d12, s316d13 = −2d13, s316d14 = d14,
s316d15 = 0, s
3
16d16 = −d16.
Therefore, the functions
g1(
−→
k ), g2(
−→
k ), g3(
−→
k ), g4(
−→
k ), g5(
−→
k ) in solution
(309) are the momentum-spin amplitudes
of the massive boson with the spin s=2
and the spin projection (2, 1, 0,−1,−2),
respectively, g6(
−→
k ), g7(
−→
k ), g8(
−→
k ) are
the momentum-spin amplitudes of the
massive boson with the spin s=1 and the
spin projection (1, 0,−1); the functions
g9(
−→
k ), g10(
−→
k ), g11(
−→
k ), g12(
−→
k ), g13(
−→
k ) are
the momentum-spin amplitudes of the
antiparticle (antiboson) with the spin s=2 and
the spin projection (2, 1, 0,−1,−2), respectively,
g14(
−→
k ), g15(
−→
k ), g16(
−→
k ) are the momentum-
spin amplitudes of the antiparticle (massive
antiboson) with the spin s=1 and the spin
projection (1, 0,−1).
Note that direct quantum-mechanical inter-
pretation of the amplitudes in solution (338)
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should be given in the framework of the
RCQM. Such interpretation is already given in
section 17 in paragraph after equations (216).
The generators of the reducible unitary
bosonic spin s=(2,1,2,1) multiplet representa-
tion of the Poincare´ group P , with respect to
which the canonical field equation (336) and
the set {φ} of its solutions (338) are invariant,
are derived from the RCQM set of generators
(12), (13) with the spin (212) on the basis of the
transformations (339), (341). These Hermitian
16× 16 matrix-differential generators are given
by
p̂0 = Γ016ω̂ ≡ Γ016
√
−∆+m2, p̂ℓ = −i∂ℓ,
ĵℓn = xℓp̂n − xnp̂ℓ + sℓn16 ≡ m̂ℓn + sℓn16, (345)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ−1
2
Γ016
{
xℓ, ω̂
}
+Γ016
(−→s 16 ×−→p )ℓ
ω̂ +m
,
(346)
where the spin s=(2,1,2,1) SU(2) generators−→s 16 = (sℓn16) have the form (343).
It is easy to prove by the direct verification
that the generators (345), (346) commute with
the operator (i∂0 − Γ016ω̂) of the canonical field
equation (336) and satisfy the commutation
relations (11) of the Lie algebra of the Poincare´
group P . The Casimir operators for the repre-
sentation (345), (346) are given by
p2 = p̂µp̂µ = m
2I16, (347)
W = wµwµ = m
2−→s 216 =
m2
∣∣∣∣∣∣∣∣
2(2 + 1)I5 0 0 0
0 1(1 + 1)I3 0 0
0 0 2(2 + 1)I5 0
0 0 0 1(1 + 1)I3
∣∣∣∣∣∣∣∣ ,
(348)
where I16 is 16× 16 unit matrix, I5 is 5× 5 unit
matrix and I3 is 3× 3 unit matrix, respectively.
Thus, due to the eigenvalues in equations
(344), positive and negative frequencies form of
solution (338) and the Bargman–Wigner anal-
ysis of the Casimir operators (347), (348) one
can come to a conclusion that equation (336)
describes the 16-component canonical field (the
bosonic particle-antiparticle doublet) with the
spins s=(2,1,2,1) and m > 0. Transition to the
m = 0 limit leads to the canonical field equa-
tion for the 16-component (graviton - photon)-
(antigraviton - antiphoton) field.
The operator of the transition to the covari-
ant local field theory representation (the 16×16
analogy of the 4×4 FW transformation operator
(119)) is given by
V ∓ =
∓−→Γ 16 · −→p + ω̂ +m√
2ω̂(ω̂ +m)
, V − = (V +)†,
(349)
V −V + = V +V − = I16,
ψ = V −φ, φ = V +ψ, (350)
qˆD = V
−qˆCFV
+, qˆCF = V
+qˆDV
−, (351)
where qˆD is an arbitrary operator (both in the
Hermitian and anti-Hermitian form) in the co-
variant local field theory representation. The
inverse transformation is valid as well.
Thus, on the basis of transformation (349)–
(351) the 16-component Dirac-like equation is
found from the canonical field equation (336)
in the form
[
i∂0 − Γ016(−→Γ 16 · −→p +m)
]
ψ(x) = 0. (352)
In operator (349) and in equation (352) the Γµ16
matrices are given by
Γ016 =
∣∣∣∣∣ I8 00 −I8
∣∣∣∣∣ , Γj16 =
∣∣∣∣∣ 0 Σ
j
8
−Σj8 0
∣∣∣∣∣ , (353)
where Σj8 are the 8× 8 Pauli matrices
Σj8 =
∣∣∣∣∣∣∣∣∣
σj 0 0 0
0 σj 0 0
0 0 σj 0
0 0 0 σj
∣∣∣∣∣∣∣∣∣ , (354)
and the standard Pauli matrices σj are given in
(20).
The matrices Σj8 satisfy the similar commu-
tation relations as the 2× 2 Pauli matrices (20)
and have other similar properties. The matrices
Γµ16 (353) satisfy the anticommutation relations
of the Clifford–Dirac algebra in the form
Γµ16Γ
ν
16 + Γ
ν
16Γ
µ
16 = 2g
µν . (355)
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The solution of equation (352) is derived
from solution (338) of this equation in the
canonical representation (336) on the basis of
transformation (349), (350) and is given by
ψ(x) = V −φ(x) =
1
(2π)
3
2
∫
d3k
[
e−ikxgA(
−→
k )v−A(
−→
k ) + eikxg∗B(
−→
k )v+B(
−→
k )
]
,
(356)
where A = 1, 8, B = 9, 16 and the 16-
component spinors (v−A(
−→
k ), v+B(
−→
k )) are given
by
v−1 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω˜ +m
0
0
0
0
0
0
0
k3
k1 + ik2
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−2 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
ω˜ +m
0
0
0
0
0
0
k1 − ik2
−k3
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v−3 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
ω˜ +m
0
0
0
0
0
0
0
k3
k1 + ik2
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−4 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
ω˜ +m
0
0
0
0
0
0
k1 − ik2
−k3
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v−5 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
ω˜ +m
0
0
0
0
0
0
0
k3
k1 + ik2
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−6 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
ω˜ +m
0
0
0
0
0
0
k1 − ik2
−k3
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v−7 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
ω˜ +m
0
0
0
0
0
0
0
k3
k1 + ik2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v−8 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
0
ω˜ +m
0
0
0
0
0
0
k1 − ik2
−k3
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
(357)
v+9 (
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k3
k1 + ik2
0
0
0
0
0
0
ω˜ +m
0
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+10(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
k1 − ik2
−k3
0
0
0
0
0
0
0
ω˜ +m
0
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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v+11(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k3
k1 + ik2
0
0
0
0
0
0
ω˜ +m
0
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+12(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
k1 − ik2
−k3
0
0
0
0
0
0
0
ω˜ +m
0
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v+13(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
k3
k1 + ik20
0
0
0
0
0
ω˜ +m
0
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+14(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
k1 − ik2
−k3
0
0
0
0
0
0
0
ω˜ +m
0
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
v+15(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
k3
k1 + ik2
0
0
0
0
0
0
ω˜ +m
0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, v+16(
−→
k ) = N
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0
0
0
0
0
0
k1 − ik2
−k3
0
0
0
0
0
0
0
ω˜ +m
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where N and ω˜ are given in (258).
The spinors (357) are derived from the orts
{d} of the Cartesian basis (211) with the
help of the transformation (349), (350). The
spinors (357) satisfy the relations of the or-
thonormalization and completeness similar to
the corresponding relations for the standard 4-
component Dirac spinors, see, e. g., [33].
In the covariant local field theory, the opera-
tors of the SU(2) spin, which satisfy the corre-
sponding commutation relations
[
sj16D, s
ℓ
16D
]
=
iεjℓnsn16D and commute with the operator[
i∂0 − Γ016(−→Γ 16 · −→p +m)
]
of equation (352), are
derived from the pure matrix operators (343)
with the help of operator (349), (351):
−→s 16D = V −−→s 16V +. (358)
The explicit form can be presented in analogy
with previous sections. The third component of
this spin has the explicit form
s316D =
1
2ωΩ
· |16× 16| , (359)
where the nonzero matrix elements a, b of 16×
16 matrix are given by
1, 1 = 4ωΩ− p1122, 1, 2 = p3z∗, 1, 10 = z∗Ω,
2, 1 = p3z, 2, 2 = 2ωΩ+ p1122, 2, 9 = −zΩ,
3, 3 = −p1122, 3, 4 = p3z∗, 3, 12 = z∗Ω,
4, 3 = p3z, 4, 4 = Ω2 − p33, 4, 11 = −zΩ,
5, 5 = −4ωΩ+ 3p1122, 5, 6 = −3p3z∗, 5, 14 = −3z∗Ω,
6, 5 = −3p3z, 6, 6 = 2ωΩ− 3p1122, 6, 13 = 3zΩ,
7, 7 = −p1122, 7, 8 = p3z∗, 7, 16 = z∗Ω,
8, 7 = p3z, 8, 8 = −Ω2 − p33, 8, 15 = −zΩ,
9, 2 = −z∗Ω, 9, 9 = 4ωΩ− p1122, 9, 10 = p3z∗,
10, 1 = zΩ, 10, 9 = p3z, 10, 10 = 2ωΩ+ p1122,
11, 4 = −z∗Ω, 11, 11 = −p1122, 11, 12 = p3z∗,
12, 3 = zΩ, 12, 11 = p3z, 12, 12 = −Ω2 − p33,
13, 6 = 3z∗Ω, 13, 13 = −4ωΩ+ 3p11
22
, 13, 14 = −3p3z∗,
14, 5 = −3zΩ, 14, 13 = −3p3z, 14, 14 = 2ωΩ− 3p11
22
,
15, 8 = −z∗Ω, 15, 15 = −p1122, 15, 16 = p3z∗,
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16, 7 = zΩ, 16, 15 = p3z, 16, 16 = −Ω2 − p33.
Here in matrix elements the notations (262),
(287) are used.
The equations on eigenvectors and eigenval-
ues of the operator s316D (359) follow from the
equations (344) and the transformation (349)–
(351). In addition to it, the action of the oper-
ator s316D (359) on the spinors (v
−
A(
−→
k ), v+B(
−→
k ))
(357) also leads to the result
s316Dv
−
1 (
−→
k ) = 2v−1 (
−→
k ), s316Dv
−
2 (
−→
k ) = v−2 (
−→
k ),
s316Dv
−
3 (
−→
k ) = 0, s316Dv
−
4 (
−→
k ) = −v−4 (
−→
k ),
s316Dv
−
5 (
−→
k ) = −2v−5 (−→k ), s316Dv−6 (−→k ) = v−6 (−→k ),
s316Dv
−
7 (
−→
k ) = 0, s316Dv
−
8 (
−→
k ) = −v−8 (−→k ), (360)
s316Dv
+
9 (
−→
k ) = 2v+9 (
−→
k ), s316Dv
+
10(
−→
k ) = v+10(
−→
k ),
s316Dv
+
11(
−→
k ) = 0, s316Dv
+
12(
−→
k ) = −v+12(
−→
k ),
s316Dv
+
13(
−→
k ) = −2v+13(
−→
k ), s316Dv
+
14(
−→
k ) = v+14(
−→
k ),
s316Dv
+
15(
−→
k ) = 0, s316Dv
+
16(
−→
k ) = −v+16(−→k ).
In order to verify equations (360) the identity
(264) should be used. In the case v+B(
−→
k ) in the
expression s312D(
−→
k ) (359) the substitution
−→
k →
−−→k is made.
The equations (360) determine the interpre-
tation of the amplitudes in solution (356). This
interpretation is similar to the given above in
the paragraph after equations (344). Neverthe-
less, the direct quantum-mechanical interpreta-
tion of the amplitudes should be made in the
framework of the RCQM, see the section 17
above.
The explicit form of the P-generators of the
bosonic representation of the Poincare´ group P ,
with respect to which the covariant equation
(352) and the set {ψ} of its solutions (356) are
invariant, is derived from the generators (345),
(346) on the basis of the transformation (349),
(351). The corresponding generators are given
by
p̂0 = Γ016(
−→
Γ 16 · −→p +m), p̂ℓ = −i∂ℓ,
ĵℓn = xℓDp̂
n − xnDp̂ℓ + sℓn16D ≡ m̂ℓn + sℓn16D, (361)
ĵ0ℓ = −ĵℓ0 = x0p̂ℓ− 1
2
{
xℓD, p̂
0
}
+
p̂0(−→s 16D ×−→p )ℓ
ω̂(ω̂ +m)
,
(362)
where the spin matrices −→s 16D = (sℓn16D) are
given in (358), (359), and the operator −→x D has
the form
−→x D = −→x + i
−→
Γ 16
2ω̂
−
−→s 16 ×−→p
ω̂(ω̂ +m)
− i
−→p (−→Γ 16 · −→p )
2ω̂2(ω̂ +m)
,
(363)
where the spin matrices −→s 16 are given in (343)
It is easy to verify that the genera-
tors (361), (362) commute with the operator[
i∂0 − Γ016(−→Γ 12 · −→p +m)
]
of equation (352), sat-
isfy the commutation relations (11) of the Lie
algebra of the Poincare´ group and the corre-
sponding Casimir operators are given by
p2 = p̂µp̂µ = m
2I16, (364)
W = wµwµ = m
2−→s 216D =
m2
∣∣∣∣∣∣∣∣
2(2 + 1)I5 0 0 0
0 1(1 + 1)I3 0 0
0 0 2(2 + 1)I5 0
0 0 0 1(1 + 1)I3
∣∣∣∣∣∣∣∣ ,
(365)
where I16, I5 and I3 are 16× 16, 5× 5 and 3× 3
unit matrices, respectively.
As it was already explained in details in the
previous sections, the conclusion that equation
(352) describes the bosonic particle-antiparticle
multiplet of the spin s=(2,1,2,1) and massm > 0
(and its solution (356) is the bosonic field of the
above mentioned spin and nonzero mass) fol-
lows from the analysis of equations (360) and
the Casimir operators (364), (365). Moreover,
the external argument in the validity of such in-
terpretation is the link with the corresponding
RCQM of spin s=(2,1,2,1) particle-antiparticle
multiplet, where the quantum-mechanical in-
terpretation is direct and evident. Therefore,
the bosonic spin s=(2,1,2,1) properties of equa-
tion (352) are proved.
It is easy to prove that equation (352)
describes four spin s=(1/2,1/2) fermionic
particle-antiparticle doublets, two spin
s=(3/2,3/2) fermionic particle-antiparticle
doublets and two spin s=(1,0,1,0) bosonic
particle-antiparticle multiplets as well.
Therefore, this equation has the extended
65
property of Fermi–Bose duality. Such
characteristic can be called the quadro
Fermi–Bose property.
28 THE PARTIAL CASE OF ZERO MASS
All equations of motion considered here are
valid for the partial case m = 0. The corre-
sponding expressions are found by the transi-
tion m→ 0. This assertion is valid both for the
RCQM and for the covariant local field theory.
In the case m = 0 the above considered
equations of motion are invariant with respect
to all representations of the SU(2) group, which
are mentioned in this article. The SU(2) symme-
try does not depend on the difference between
m = 0 and m 6= 0.
The difference between m = 0 and m 6= 0 is
observed only for the symmetry with respect
to the Poincare´ group P . In the case of m = 0
equations of motion are invariant with respect
to all Poincare´ generators given above in the
paper. Nevertheless, the Casimir operators are
equal to zero in this case. Therefore, another
class of Poincare´ group representations, using
the Casimir operator −→s ·−→p related to the helic-
ity of elementary particles, is preferable. Hence,
in the case m = 0 the momentum-helicity
basis vectors are preferable in comparison with
momentum-spin basis, which is applied in this
paper.
After this warning the theory for m = 0
follows from the theory with m 6= 0.
29 BRIEF CONCLUSIONS
The foundations of the relativistic canoni-
cal quantum mechanics of the arbitrary mass
and spin have been formulated. The possi-
bilities of the model have been demonstrated
and explained on the examples of the spin
s=1/2, s=1, s=3/2, s=2 singlets, spin s=(1,1)
particle-antiparticle doublet, spin s=(1,0) mul-
tiplet, spin s=(1,1) particle-antiparticle dou-
blet, spin s=(1,0,1,0) particle-antiparticle multi-
plet, spin s=(3/2,3/2) particle-antiparticle dou-
blet, spin s=(2,2) particle-antiparticle doublet,
spin s=(2,0,2,0) particle-antiparticle multiplet
and spin s=(2,1,2,1) particle-antiparticle multi-
plet. The link between the relativistic canon-
ical quantum mechanics of the arbitrary spin
and the covariant local field theory has been
found. The corresponding transition operators
have been visualized. The test example of the
relativistic canonical quantum mechanics of the
spin s=(1/2,1/2) particle-antiparticle doublet
and its link with the standard Dirac equation
has been considered in details.
On this basis the covariant local field theory
equations for spin s=(1,1) particle-antiparticle
doublet, spin s=(1,0,1,0) particle-antiparticle
multiplet, spin s=(3/2,3/2) particle-antiparticle
doublet, spin s=(2,2) particle-antiparticle dou-
blet, spin s=(2,0,2,0) particle-antiparticle mul-
tiplet and spin s=(2,1,2,1) particle-antiparticle
multiplet have been derived.
The 8-component manifestly covariant equa-
tion for the spin s=3/2 field found here
is the s=3/2 analogy of the 4-component
Dirac equation for the spin s=1/2 dou-
blet, while the 4-component Rarita-Schwinger
(Pauli-Fierz) equation is the spin 3/2 analogy
of the 2-component Pauli equation for the spin
s=1/2 singlet.
In the case of manifestly covariant equations
for the s=(1,0,1,0) particle-antiparticle multi-
plet the limit m → 0 leads to the corre-
sponding equations for the photonic and mass-
less bosonic fields including the antiparticle
fields. Thus, the electromagnetic field equa-
tions that follow from the corresponding rel-
ativistic quantum mechanical equations have
been found. The new electrodynamical equa-
tions containing the hypothetical antiphoton
and massless spinless antiboson have been in-
troduced. The Maxwell-like equations for the
boson with spin s=1 andm > 0 (W-boson) have
been introduced as well. In other words, the
Maxwell equations for the field with nonzero
mass have been introduced.
The properties of the Fermi–Bose duality,
triality and quadro Fermi–Bose properties of
equations found have been discussed briefly.
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